
Uhvdoh Sulfh Pdlqwhqdqfh dqg Krul}rqwdo Fduwho�

Sdwulfn Uh|| Wkledxg Yhujì}

Pdufk 44/ 5335

Devwudfw

Dq riwhq h{suhvvhg lghd wr prwlydwh wkh shu vh loohjdolw| ri USP lv wkdw lw fdq

olplw erwk lqwhu0 dqg lqwud0eudqg frpshwlwlrq1 Wklv sdshu dqdo|}hv wklv dujxphqw

lq d frqwh{w zkhuh pdqxidfwxuhuv dqg uhwdlohuv kdyh lqwhuorfnlqj uhodwlrqvklsv1 Lw lv

vkrzq wkdw hyhq dv sduw ri sxuho| elodwhudo yhuwlfdo frqwudfwv/ USP lqghhg olplwv wkh

h{hufl}h ri erwk lqwhu0 dqg lqwud0eudqg frpshwlwlrq dqg fdq hyhq jhqhudwh lqgxvwu|0

zlgh prqrsro| sulflqj1 Wkh �qdo lpsdfw rq sulfhv ghshqgv rq wkh vxevwlwxdelolw|

ehwzhhq uhwdlohuv dqg ehwzhhq pdqxidfwxuhuv/ dqg rq wkh h{whqw ri srwhqwldo frp0

shwlwlrq dw wkh uhwdlo ohyho1

MHO= G7/ O46/ O74/ O75

Nh|zrugv= Uhvdoh Sulfh Pdlqwhqdqfh/ Frooxvlrq/ Vxffhvvlyh gxrsro|1

�Zh ehqh�whg iurp khosixo frpphqwv iurp Urgroskh Grv Vdqwrv Ihuuhlud dqg Mhdq Wluroh rq dq hduolhu
gudiw1 Zh dovr wkdqn Hulf Dyhqho iru klv uhpdunv dqg sduwlflsdqwv dw wkh Vsulqj Vfkrro rq Lqwhuqdwlrqdo
Hfrqrplfv dqg Lqgxvwuldo Rujdql}dwlrq +Dl{0hq0Suryhqfh,/ dw wkh 58wk phhwlqj ri wkh Hxurshdq Dvvrfld0
wlrq iru Uhvhdufk lq Lqgxvwuldo Hfrqrplfv +Frshqkdjhq,/ dw wkh 46wk phhwlqj ri wkh Hxurshdq Hfrqrplf
Dvvrfldwlrq +Ehuolq, dqg 9wk HQWHU Mdperuhh +Euxvvhov,1

|Xqlyhuvlw| ri Wrxorxvh +L1G1H1L1 dqg JUHPDT,
}FPSR dqg Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Eulvwro1
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4 Lqwurgxfwlrq

Wkh dwwlwxgh ri frpshwlwlrq dxwkrulwlhv dqg frxuwv wrzdugv yhuwlfdo uhvwudlqwv ydulhv vlj0

ql�fdqwo| iurp rqh frxqwu| wr dqrwkhu ru iurp rqh shulrg wr dqrwkhu�1 Vwloo/ lw hphujhv

d frqvhqvxv djdlqvw uhvdoh sulfh pdlqwhqdqfh +USP,/ d sduwlfxodu uhvwudlqw dffruglqj wr

zklfk wkh pdqxidfwxuhu vhwv wkh �qdo sulfh wkdw glvwulexwruv fkdujh wr frqvxphuv1 Wklv

uhvwulfwlrq kdv vrph yduldqwv/ lqfoxglqj sulfh fhlolqjv/ sulfh  rruv/ uhfrpphqghg ru dg0

yhuwlvhg sulfhv> frpshwlwlrq dxwkrulwlhv duh pruh wrohudqw wrzdugv vrph ri wkrvh yduldqwv

exw/ lq lwv vwulfwhvw irup/ uhvdoh sulfh pdlqwhqdqfh lv xvxdoo| loohjdo shu vh1 Iru h{dpsoh/

wkh Hxurshdq Frpplvvlrq uhfhqwo| dgrswhg d pruh rshq dwwlwxgh wrzdugv qrqsulfh uh0

vwulfwlrqv exw pdlqwdlqhg USP rq d eodfn olvw �zlwk rqo| rqh rwkhu uhvwudlqw1 Lq Iudqfh/

sulfh  rruv duh shu vh loohjdo xqghu duwlfoh 67 ri wkh 4<;9 Ruglqdqfh> dqg lq O|sredu yv1

Od Furlvvdqwhulh +4<;<,/ wkh Sdulv Frxuw ri Dsshdo uxohg wkdw USP zdv dq dexvh ri

iudqfklvhhv* hfrqrplf ghshqghqfh/ dqg lqvlvwhg wkdw iudqfklvhhv kdg wr eh iuhh wr fkrrvh

wkhlu uhwdlo sulfhv1

Lq frqwudvw zlwk wkh frqvhqvxv ri wkh mxulvsuxghqfh djdlqvw uhvdoh sulfh pdlqwhqdqfh/

wkh hfrqrplf dqdo|vlv ri yhuwlfdo uhvwudlqwv lv pruh dpeljxrxv= lw lv qrw vwudljkwiruzdug

wkdw USP kdv d pruh qhjdwlyh lpsdfw rq wkh zhoiduh wkdq rwkhu yhuwlfdo uhvwudlqwv zklfk

olplw lqwudeudqg frpshwlwlrq> lqvwhdg/ erwk sulfh +h1j1 USP, dqg qrq0sulfh uhvwudlqwv +h1j1

h{foxvlyh whuulwrulhv, kdyh srvlwlyh dqg qhjdwlyh h�hfwv rq hfrqrplf zhoiduh/ ghshqglqj

rq wkh frqwh{w lq zklfk wkh| duh xvhg21 Pruhryhu/ d frpsdulvrq ri wkh zhoiduh h�hfwv ri

h{foxvlyh whuulwrulhv/ USP dqg h{foxvlyh ghdolqj vkrzv wkdw wkh edodqfh lv qrw fohduo| lq

idyru ri qrqsulfh uhvwulfwlrqv�1

Lw lv fohdu wkdw plqlpxp sulfhv +d yduldqw ri USP, pd| eh vsrqvruhg e| glvwulexwruv

wr pdlqwdlq d uhwdlo fduwho= wkdw lv/ dq loohjdo krul}rqwdo djuhhphqw fdq eh glvjxlvhg dv
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yhuwlfdo duudqjhphqwv wkdw uhvwulfw sulfhv> wkdw zrxog dprxqw wr dq krul}rqwdo djuhhphqw/

zklfk lv xvxdoo| shu vh loohjdo1 Ohvv fohdu lv wkh fdvh ri sxuho| yhuwlfdo frqwudfwv/ zkhuh

surgxfhuv dqg glvwulexwruv elodwhudoo| qhjrwldwh wkhlu rzq zkrohvdoh dqg uhwdlo sulfhv1

D ihz sdshuv kdyh vwuhvvhg wkdw USP fdq khos d pdqxidfwxuhu wr ehwwhu h{huw lwv

pdunhw srzhu1 Kduw dqg Wluroh +4<<3, vkrz iru h{dpsoh wkdw d surgxfhu lv whpswhg wr

iuhh0ulgh rq lwv uhwdlohuv zkhq yhuwlfdo frqwudfwv duh sulydwho| qhjrwldwhg dqg qrw sxeolfo|

revhuyhg> dv d uhvxow/ grzqvwuhdp frpshwlwlrq shufrodwhv wr wkh xsvwuhdp ohyho dqg suh0

yhqwv wkh surgxfhu iurp ixoo| h{huwlqj lwv pdunhw srzhu1e Lq wklv frqwh{w/ dq lqgxvwu|

zlgh sulfh0 rru zrxog suhyhqw wkh ulvn ri rssruwxqlvwlf ehkdylru dqg khos wkh pdqxidf0

wxuhu wr h{huw lwv pdunhw srzhu1 R*Eulhq dqg Vkd�hu +4<<5, ixuwkhu vkrz wkdw elodwhudoo|

qhjrwldwhg sulfh fhlolqjv/ wrr/ fdq suhyhqw rssruwxqlvp1D

Wkrvh sdshuv wkxv vwuhvv wkdw USP fdq khos uhvwruh suh0h{lvwlqj pdunhw srzhu1 Gre0

vrq dqg Zdwhuvrq +4<<:, vwxg| lqvwhdg d elodwhudo gxrsro| zlwk lqwhuorfnlqj uhodwlrqvklsv1

Dvvxplqj wkdw pdqxidfwxuhuv xvh +lqh!flhqw, olqhdu zkrohvdoh sulfhv/ wkh| vkrz wkdw wkh

zhoiduh h�hfwv ri USP ghshqg rq wkh uhodwlyh ghjuhh ri xsvwuhdp dqg grzqvwuhdp gli0

ihuhqwldwlrq dv zhoo dv rq uhwdlohuv* dqg pdqxidfwxuhuv* edujdlqlqj srzhuv> USP fdq eh

vrfldoo| suhihudeoh zkhq uhwdlohuv duh lq d zhdn edujdlqlqj srvlwlrq/ ehfdxvh wkh grxeoh0

pdujlqdol}dwlrq sureohpv jhqhudwhg e| wkh uhvwulfwlrq wr olqhdu zkrohvdoh sulfhv lv pruh

vhyhuh lq vxfk flufxpvwdqfhv1

Krzhyhu/ rqh dujxphqw riwhq phqwlrqhg djdlqvw USP/ dqg qrw |hw pxfk irupdoo|

dqdo|}hg/ lv wkdw USP fdq idflolwdwh krul}rqwdo djuhhphqwv � lqwhueudqg frooxvlrq1S D

�uvw vwhs lq wkdw gluhfwlrq lv surylghg e| Mxoolhq dqg Uh| +5333,/ zkr vwuhvv wkdw/ e|

pdnlqj uhwdlo sulfhv ohvv uhvsrqvlyh wr orfdo vkrfnv rq uhwdlo frvw ru ghpdqg/ USP |lhogv

pruh xqlirup sulfhv wkdw idflolwdwh wdflw frooxvlrq �e| pdnlqj ghyldwlrqv hdvlhu wr ghwhfw1

Lq frqwudvw/ zh zloo irfxv khuh rq d vwdwlf elodwhudo gxrsro| zlwk lqwhuorfnlqj uhodwlrqvklsv/
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dv lq Grevrq dqgZdwhuvrq/ exw zloo doorz iru h!flhqw +wzr0sduw, zkrohvdoh wdul�v/ lq rughu

wr holplqdwh grxeoh pdujlqdol}dwlrq sureohpv dqg irfxv lqvwhdg rq wkh lpsdfw ri USP

rq lqwhueudqg dqg lqwudeudqg frpshwlwlrq1. Rxu dqdo|vlv vxjjhvwv wkdw USP fdq suhyhqw

dq| h�hfwlyh frpshwlwlrq �dw wkh lqwhueudqg ohyho dv zhoo dv dw wkh lqwudeudqg ohyho� dqg

|lhog lqvwhdg wkh prqrsro| rxwfrph1

Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh jhqhudo vwuxfwxuh ri d

prgho zlwk erwk lqwudeudqg dqg lqwhueudqg frpshwlwlrq +gxrsro|,1 Vhfwlrq 6 dqdo|}hv

wkh zhoiduh h�hfwv ri uhvdoh sulfh pdlqwhqdqfh/ dvvxplqj wkdw wkh pdunhw vwuxfwxuh lv

jlyhq dqg fkdudfwhul}hg e| �grxeoh frpprq djhqf|�= erwk pdqxidfwxuhuv ghdo zlwk erwk

uhwdlohuv +lqwhuorfnlqj uhodwlrqvklsv,/ zkr kdyh elqglqj sduwlflsdwlrq frqvwudlqwv1 Zh vkrz

wkdw uhwdlo sulfhv duh orzhu wkdq wkh prqrsro| sulfh lq wkh devhqfh ri USP/ zkhuhdv

lq wkh suhvhqfh ri USP wkhuh h{lvw pxowlsoh htxloleuld/ lqfoxglqj rqh lq zklfk uhwdlo

sulfhv dqg surgxfhuv* sur�wv duh dw wkh prqrsro| ohyho1 Zh dovr sursrvh dq htxloleulxp

vhohfwlrq surfhvv/ edvhg rq wkh lqwurgxfwlrq ri d vpdoo uhwdlo h�ruw/ dqg vkrz wkdw wkh

xqltxh vhohfwhg htxloleulxp lv wkh rqh zlwk prqrsro| sulfhv dqg sur�wv1 Lq vhfwlrq 7/

zh hqgrjhql}h wkh pdunhw vwuxfwxuh1 Zh �uvw dvvxph wkdw wkhuh lv d frpshwlwlyh vxsso|

ri srwhqwldo fdqglgdwhv iru hdfk uhwdlo rxwohw dqg vwxg| d uhwdlohu vhohfwlrq jdph lq wkh

vslulw ri Ehuqkhlp dqg Zklqvwrq +4<;8,> lq wkdw fdvh/ wkhuh h{lvwv dq htxloleulxp ohdglqj

wr grxeoh frpprq djhqf| dqg prqrsro| sulfhv1 Zh wkhq vwxg| wkh fdvh zkhuh wkhuh

lv d xqltxh uhwdlohu iru hdfk rxwohw1 Lq wkdw fdvh/ pdqxidfwxuhuv pxvw ohdyh d uhqw wr

glvwulexwruv wr lqgxfh wkhp wr vhoo wkhlu surgxfwv> wkh lpsdfw ri wkhvh uhqwv lv qrw wulyldo=

zkloh wkhuh vwloo h{lvwv d frqwlqxxp ri htxloleuld/ htxloleuld zlwk kljkhu sulfhv qrz lqyroyh

odujhu uhqwv dqg orzhu sur�wv iru wkh pdqxidfwxuhu1 Lq d vlpsoh olqhdu prgho/ wkh zhoiduh

h�hfwv ri USP wkhq ghshqg rq wkh ghjuhhv ri vxevwlwxwdelolw| ehwzhhq eudqgv dqg ehwzhhq

uhwdlo rxwohwv1 Vhfwlrq 8 frqfoxghv1
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5 Wkh Edvlf Iudphzrun

Wzr pdqxidfwxuhuv � dqg � surgxfh wzr ydulhwlhv ri d jrrg dqg pdunhw wkhp wkurxjk

wzr gl�huhqwldwhg glvwulexwruv 0 � dqg 21 ^Wkh uhwdlohuv frxog iru h{dpsoh gl�hu lq wkh

vhuylfhv wkh| surylgh wr frqvxphuv/ wkh orfdwlrq ri wkhlu vwruhv/ hwf1` Li hdfk uhwdlohu glv0

wulexwhv erwk surgxfwv/ frqvxphuv fdq wkxv �qg wzr gl�huhqw ydulhwlhv dw wzr frpshwlqj

vwruhv/ dqg fdq wkxv fkrrvh dprqj irxu lpshuihfwo| vxevwlwxwh �surgxfwv�/ hdfk pdqx0

idfwxuhu surgxflqj wzr ri wkhp +i��c �2j dqg i��c �2j/ uhvshfwlyho|, dqg hdfk uhwdlohu

glvwulexwlqj wzr ri wkhp dv zhoo +i��c ��j dqg i�2c �2j/ uhvshfwlyho|,1

Lq rughu wr dyrlg wkdw rqh �up 0 surgxfhu ru glvwulexwru 0 sod|v d sduwlfxodu uroh/

zh vxssrvh wkdw ghpdqg ixqfwlrqv duh v|pphwulf +wklv lpsolhv wkdw wkh gl�huhqwldwlrq

ehwzhhq wkh eudqgv dqg ehwzhhq wkh vwruhv lv krul}rqwdo udwkhu wkdq yhuwlfdo,= iru dq|

sulfh yhfwru T ' ER��c R��c R�2c R�2�/ dq| � 9' � 5 i�c�j dqg dq| � 9' & 5 i�c 2jc

(�� ET� ' ( ER��c R��c R�&c R�&� c

zkhuh wkh ghpdqg ixqfwlrq ( E�� lv wzlfh frqwlqxrxvo| gl�huhqwldeoh1 Wkh surgxfwv ehlqj

+lpshuihfw, vxevwlwxwhv/ zh zloo vxssrvh wkdw wkh ghpdqg ri rqh surgxfw ghfuhdvhv zlwk wkh

sulfh ri wklv surgxfw dqg lqfuhdvhv zlwk wkh rwkhu sulfhv=H iru dq| T ' ER��c R��c R�2c R�2�/

� 9' � 5 i�c�j dqg � 9' & 5 i�c 2j/

0�� ET� � �
Y(��

YR��
ET� �

R��

(�� ET�
' 0 ER��c R��c R�&c R�&� : fc

0��� ET� �
Y(��

YR��
ET� �

R��

(�� ET�
' 0� ER��c R��c R�&c R�&� : fc

0(�� ET� �
Y(��

YR�&
ET� �

R�&

(�� ET�
' 0( ER��c R��c R�&c R�&� : fc

0�(�� ET� �
Y(��

YR�&
ET� �

R�&

(�� ET�
' 0�( ER��c R��c R�&c R�&� : fc
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Ixuwkhupruh/ zh zloo vxssrvh wkdw gluhfw h�hfwv grplqdwh/ vr wkdw li doo sulfhv lqfuhdvh/

ghpdqgv ghfuhdvh= iru dq| T/

. ET� � 0 ET�� 0� ET�� 0( ET�� 0�( ET� : fc +4,

zkhuh . lv wkh hodvwlflw| ri wkh �elj GG fxuyh� +l1h1 wkh ghpdqg fxuyh jhqhudwhg e| d

vlpxowdqhrxv ghfuhdvh lq doo sulfhv, lq Fkdpehuolqldq whuplqrorj|1 Lq zkdw iroorzv/ zh

zloo gurs wkh dujxphqwv lq (�� zkhq wkhuh lv qr ulvn ri frqixvlrq/ dqg zloo v|vwhpdwlfdoo|

xvh lqgh{hv �c � iru wkh wzr pdqxidfwxuhuv/ dqg �c & iru wkh wzr uhwdlohuv1

Zh zloo dovr dvvxph wkdw erwk surgxfwlrq dqg glvwulexwlrq frvwv duh v|pphwulf dqg

frqvwdqw> zh uhvshfwlyho| ghqrwh wkhp e| S dqg �1 Odvw/ wr hqvxuh wkdw uhdfwlrq ixqfwlrqv

duh zhoo0ehkdyhg/ zh pdnh vrph uhjxodulw| dvvxpswlrqv rq wkh uhyhqxh ixqfwlrqv=b

Wr vwdwh rxu uhjxodulw| dvvxpswlrqv/ zh gh�qh wkh iroorzlqj uhyhqxh ixqfwlrq=

�ER��c R��c R�2c R�2(���c ��2� '
[

�Mt�c2�

ER�� � S� ��(�� n ER�� � ��� � ��(���

Dvvxpswlrq 4= Wkh prqrsro| sur�w ixqfwlrq/ jlyhq e| �ET(Sc S�/ lv vlqjoh0shdnhg

lq T1

Dvvxpswlrq 5= l, Iru ��� ' ��2 ' �� dqg R�� ' R�2 ' R�/ wkh uhyhqxh ixqfwlrq �

lv vlqjoh0shdnhg lq ER��c R�2� dqg pd{lpdo iru v|pphwulf sulfhv/ 	R�� ' 	R�2 ' 	R ER�c ���>

ll, 	R E�c ��1vdwlv�hv

f 	
Y	R

YR�
	 �

dqg/ iru dq| �/ wkh ixqfwlrq R$ 	R ERc �� kdv d xqltxh �{hg srlqw1

Dvvxpswlrq 4 hqvxuhv wkdw prqrsro| sur�wv duh zhoo0ehkdyhg dqg prqrsro| sulfhv
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xqltxho| gh�qhg/ zkloh Dvvxpswlrq 5 hqvxuhv wkdw uhdfwlrq ixqfwlrqv duh djdlq zhoo0

ehkdyhg xqghu USP1 Wklv dvvxpswlrq pruhryhu lpsolhv wkdw prqrsro| sulfhv duh v|p0

phwulf= iurp Dvvxpswlrq 4/ wkh djjuhjdwh sur�wv duh pd{lpdo iru d xqltxh sulfh yhfwru

T
� > Dvvxpswlrq 5 wkhq hqvxuhv wkdw wklv yhfwru lv v|pphwulf= T� ' ER� c R� c R� c R��

zkhuh R� lv wkh �{hg srlqw ri R$ 	R ERc S�/ fkdudfwhul}hg e|

R� � ESn ��

R�
'

�

. ET��
�

Dvvxpswlrq 6= l, Iru dq| zkrohvdoh sulfhv � ' E���c ���c ��2c ��2�/ wkhuh h{lvwv

d xqltxh uhwdlo sulfh htxloleulxp/ |lhog wkh htxloleulxp uhwdlo sulfhv/ dv d ixqfwlrq ri

zkrohvdoh sulfhv=

T
o E�� ' ERo�� E�� c Ro�� E�� c R

o
�2 E�� c Ro�2 E��� �

Zh zloo ghqrwh e| (o
�� E�� ' (�� ET

o E��� wkh uhvxowlqj ghpdqg iru hdfk surgxfw1

ll, Iru v|pphwulf zkrohvdoh sulfhv ��� ' ��2 ' �� dqg ��� ' ��2 ' ��/ htxloleulxp

uhwdlo sulfhv duh v|pphwulf dqg jlyhq e| Ro�� ' Ro�2 ' hR E��c ���/ zkhuh hR E�c �� vdwlv�hv=

YhR
Y��

:
0� 0(

0� n 0�(
YhR
Y��

� f�

Dvvxpswlrq 7= Iru dq| zkrohvdoh sulfhv � ' E���c ���c ��2c ��2�/ wkh uhyhqxh

ixqfwlrq

�o
� E�� '

[
�Mt�c2�

�
Ro�� E��� S� �

�
(o
�� E�� n ERo�� E��� ��� � ��(o

�� E��

lv vlqjoh0shdnhg lq E���c ��2�1

:



Dvvxpswlrq 6 dvvhuwv wkdw wkh uhwdlo htxloleulxp lv �zhoo0ehkdyhg�= wkhuh h{lvwv d

xqltxh uhwdlo htxloleulxp iru dq| sur�oh ri zkrohvdoh sulfhv/ zklfk suhvhuyhv v|pphwu|

dqg vxfk wkdw uhwdlo sulfhv uhvsrqg srvlwlyho| wr zkrohvdoh sulfhv>�f lw lv ixuwkhu dvvxphg

wkdw gluhfw h�hfwv duh odujhu wkdq lqgluhfw rqhv
�

YhR

Y��
: YhR

Y��
� f

�
/ dqg vx!flhqwo| vr dv

wr hqvxuh wkdw/ vwduwlqj iurp d v|pphwulf vlwxdwlrq/ dq lqfuhdvh lq rqh pdqxidfwxuhu*v

zkrohvdoh sulfh lqfuhdvhv wkh vdohv ri wkh ulydo pdqxidfwxuhu=

Y(o
�&

Y���

'
�
0� n 0�(

� YhR
Y��

�
�
0� 0(

� YhR
Y��

: f�

Ilqdoo|/ Dvvxpswlrq 7 hqvxuhv wkdw pdqxidfwxuhuv* sur�w ixqfwlrq duh zhoo0ehkdyhg lq

wkh devhqfh ri USP1

6 Lqwulqvlf Grxeoh Frpprq Djhqf|

Wr kljkoljkw wkh pdlq dujxphqw lq wkh vlpsohvw iudphzrun/ zh dvvxph lq wklv vhfwlrq wkdw

wkh pdunhw vwuxfwxuh lv jlyhq dqg fkdudfwhul}hg e| d grxeoh frpprq djhqf|1 Wr fdswxuh

wklv lq d vlpsoh zd|/ zh zloo vxssrvh wkdw wkh pdunhw �euhdnv grzq� zkhqhyhu d uhwdlohu

uhixvhv wr glvwulexwh d ydulhw|1 Dvvxplqj wkdw pdqxidfwxuhuv kdyh doo wkh edujdlqlqj

srzhu/ zh zloo frqvlghu wkh iroorzlqj jdph=

41 Wkh wzr pdqxidfwxuhuv vlpxowdqhrxvo| sursrvh d frqwudfw wr hdfk uhwdlohu1 Frq0

wudfwv frqvlvw ri d zkrohvdoh wzr0sduw wdul� dqg/ li doorzhg/ ri d uhwdlo sulfh> wkh|

duh sxeolfo| revhuydeoh1��

51 Glvwulexwruv vlpxowdqhrxvo| dffhsw ru uhmhfw wkh r�huv1

61 Li doo r�huv kdyh ehhq dffhswhg/ uhwdlohuv vlpxowdqhrxvo| vhw wkhlu uhwdlo sulfhv +htxdo

wr wkh sulfh+v, lpsrvhg e| wkh pdqxidfwxuhu+v, xqghu USP,/ ghpdqgv duh vdwlv�hg

;



dqg sd|phqwv pdgh dffruglqj wr wkh frqwudfwv1 Rwkhuzlvh/ qr surgxfw lv vrog dqg

doo �upv hduq }hur sur�w1

Wkh �euhdn0grzq� dvvxpswlrq hqvxuhv wkdw pdqxidfwxuhuv dozd|v r�hu frqwudfwv wkdw

duh dffhswdeoh e| erwk uhwdlohuv> lw pruhryhu lpsolhv wkdw uhwdlohuv qhyhu rewdlq pruh wkdq

wkhlu uhvhuydwlrq xwlolw|/ zklfk zh zloo qrupdol}h wr }hur1 Lw lv uhod{hg lq wkh iroorzlqj

vhfwlrq

614 Wzr0Sduw Wdul�v

Ohw xv �uvw vxssrvh wkdw frqwudfwv fdq rqo| frqvlvw ri wzr0sduw wdul�v1 Dw wkh �uvw vwdjh/

� fkrrvhv wkh zkrohvdoh sulfhv ��� dqg ��2/ dqg wkh iudqfklvh ihhv 8�� dqg 8�2 vr dv wr

pd{lpl}h lwv sur�w jlyhq wkh uhwdlohuv* sduwlflsdwlrq frqvwudlqwv1 Vlqfh uhwdlohuv fdq rqo|

dffhsw erwk r�huv ru hduq }hur sur�w/ jlyhq lwv ulydo*v zkrohvdoh sulfhv E���c ��2�/ � zloo

r�hu hdfk uhwdlohu � d frqwudfw E���c 8��� zklfk pd{lpl}hv lwv rzq sur�w/ vxemhfw wr ehlqj

dffhswhg e| wkh uhwdlohu=

4@ 
���c��2c8��c8�2

E��� � S�(o
��E�� n 8�� n E��2 � S�(o

�2E�� n 8�2c

r�|� ERo�� E��� ��� � ��(o
�� E��� 8�� n ERo�� E��� ��� � ��(o

�� E��� 8�� � f

ERo�2 E��� ��2 � ��(o
�2 E��� 8�2 n ERo�2 E��� ��2 � ��(o

�2 E��� 8�2 � f

Vlqfh wkh sduwlflsdwlrq frqvwudlqwv duh fohduo| elqglqj/ wklv surjudp lv htxlydohqw wr

4@ 
���c��2

ERo�� E��� S� ��(o
��E�� n ERo�2 E��� S� ��(o

�2E��

n ERo�� E��� ��� � ��(o
�� E�� n ERo�2 E��� ��2 � ��(�2 E�� 1

Wkh vroxwlrq wr wklv surjudp gh�qhv �*v uhdfwlrq wr �*v zkrohvdoh sulfhv/ zklfk fdq

<



wkhq eh xvhg wr fkdudfwhul}h wkh vxejdph shuihfw htxloleulxp ri wkh hqwluh jdph1 Wkh

iroorzlqj sursrvlwlrq r�huv d sduwldo fkdudfwhul}dwlrq ri v|pphwulf htxloleuld=

Sursrvlwlrq 4 Zlwkrxw Uhvdoh Sulfh Pdlqwhqdqfh/ dq| v|pphwulf htxloleulxp ri wkh

irup ��� ' �e dqg R�� ' Re lv vxfk wkdw uhwdlohuv hduq }hur sur�w dqg

S 	 �e 	 Re 	 R� �

Surri1 Vhh Dsshqgl{ D1

Wkh h{lvwhqfh ri frpshwlwlrq dw erwk xsvwuhdp dqg grzqvwuhdp ohyhov wkxv pdlqwdlqv

uhwdlo sulfhv ehorz wkh prqrsro| ohyho1 ^Li wkhuh zdv d prqrsro| dw dq| ohyho 0 rqh

surgxfhu vhoolqj wkurxjk gl�huhqwldwhg uhwdlohuv ru gl�huhqwldwhg pdqxidfwxuhuv vhoolqj

wkhlu surgxfwv wkurxjk d frpprq glvwulexwru 0 +sxeolf, wzr0sduw wdul�v zrxog lqvwhdg

ohdg wr uhwdlo sulfhv htxdo wr prqrsro| sulfhv1`

615 Uhvdoh Sulfh Pdlqwhqdqfh

Zh qrz vxssrvh wkdw pdqxidfwxuhuv fdq uhvruw wr USP1 Lpsrvlqj uhwdlo sulfhv lv wkhq

dozd|v d grplqdqw vwudwhj| iru wkh pdqxidfwxuhuv= Zkdwhyhu wkh vwudwhj| dgrswhg e|

wkh ulydo pdqxidfwxuhu/ zlwk USP d surgxfhu fdq dozd|v uhsolfdwh wkh uhwdlo sulfhv wkdw

zrxog hphujh dqg wkh sur�wv lw zrxog hduq zlwkrxw xvlqj USP1 Li � lpsrvhv uhwdlo sulfhv

ER��c R�2�/ � zloo fkrrvh zkrohvdoh sulfhv ��� dqg ��2/ uhwdlo sulfhv R�� dqg R�2 dqg

iudqfklvhv 8�� dqg 8�2 vr dv pd{lpl}h dv ehiruh lwv sur�w/ jlyhq wkh uhwdlohuv* sduwlflsdwlrq
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frqvwudlqwv=

4@ 
���c��2cR��cR�2c8��c8�2

E��� � S�(�� ET� n 8�� n E��2 � S�(�2 ET� n 8�2

r�|�
ER�� � ��� � ��(��ET�� 8�� n ER�� � ��� � ��(��ET�� 8�� � fc

ER�2 � ��2 � ��(�2ET�� 8�2 n ER�2 � ��2 � ��(�2ET�� 8�2 � fc

ru/ vlqfh wkh sduwlflsdwlrq frqvwudlqwv duh fohduo| elqglqj=

4@ 
R��cR�2

iER�� � S� ��(�� ET� n ER�� � ��� � ��(�� ET�

nER�2 � S� ��(�2 ET� n ER�2 � ��2 � ��(�2 ET�j �

+5,

Vlqfh d pdqxidfwxuhu fdq vwloo fdswxuh uhwdlo sur�wv wkurxjk wkh iudqfklvh ihhv dqg qrz/

pruhryhu/ gluhfwo| vhw uhwdlo sulfhv/ lwv zkrohvdoh sulfhv kdyh qr gluhfw h�hfw rq lwv sur�w

dq|pruh> krzhyhu/ wkhvh zkrohvdoh sulfhv kdyh dq lpsdfw rq wkh vwudwhjlf ehkdylru ri wkh

frpshwlwru1 Dv d uhvxow/ wkhuh xvxdoo| h{lvwv d frqwlqxxp ri htxloleuld � rqh htxloleulxp

iru hdfk dqg hyhu| sur�oh ri zkrohvdoh sulfhv � ' E���c ���c ��2c ��2�1 Wkh iroorzlqj

sursrvlwlrq fkdudfwhul}hv v|pphwulf htxloleulxp uhwdlo sulfhv/ dv d ixqfwlrq ri zkrohvdoh

sulfhv=

Sursrvlwlrq 5 Li Uhvdoh Sulfh Pdlqwhqdqfh lv doorzhg/ iru hdfk �W/ wkhuh h{lvw d xqltxh

v|pphwulf vxejdph shuihfw htxloleulxp lq zklfk uhwdlohuv hduq }hur sur�w dqg erwk pdqx0

idfwxuhuv vhw uhwdlo sulfhv wr RW ' RW E�W�/ zkhuh=

� RW E�W� lv d ghfuhdvlqj ixqfwlrq ri �W/

� RW ES� ' R� 1
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Surri1 Vhh Dsshqgl{ E1

Xqghu dvvxpswlrq 5/ zlwklq wkh vhw ri v|pphwulf htxloleuld uhwdlo sulfhv duh lqyhuvho|

uhodwhg wr zkrohvdoh sulfhv1 Wkh lqwxlwlrq lv wkh iroorzlqj1 Iru v|pphwulf sulfhv/ E2�

ehfrphv=

4@ 
R��cR�2

iER�� � S� ��(�� ET� n ERW � �W � ��(�� ET�

nER�2 � S� ��(�2 ET� n ERW � �W � ��(�2 ET�j �

Frqvlghu d xqlirup ghfuhdvh lq zkrohvdoh sulfhv dqg dqdo|}h �*v sulflqj ehkdylru1 Dvvxp0

lqj wkdw � grhv qrw fkdqjh lwv uhwdlo sulfhv/ wkh uhwdlo pdun0xsv rq �*v ydulhw| lqfuhdvhv1

Vlqfh � fdq fdswxuh dq| sur�w pdgh e| d uhwdlohu rq lwv ulydo*v ydulhw|/ wklv lqfuhdvh lq

wkh uhwdlo pdun0xsv uhgxfhv �*v lqfhqwlyhv wr sulfh djjuhvvlyho| lwv rzq ydulhw|1

Lq wkh sduwlfxodu fdvh zkhuh zkrohvdoh sulfhv uh hfw pdujlqdo frvwv/ � dfwxdoo| ixoo|

lqwhuqdol}hv wkh lpsdfw ri lwv uhwdlo sulfhv rq djjuhjdwh sur�wv/ dqg wkxv vhwv lwv sulfhv

dw wkh prqrsro| ohyho li � grhv vr= wkdw lv/ wkhuh h{lvwv d v|pphwulf vxejdph shuihfw

htxloleulxp lq zklfk pdqxidfwxuhuv vhw zkrohvdoh sulfhv wr S dqg uhwdlo sulfhv wr wkh

prqrsro| ohyho/ dqg vkduh prqrsro| sur�wv1 USP fdq wkxv suhyhqw wkh h{huflvh ri erwk

lqwhu0 dqg lqwudeudqg frpshwlwlrq/ wkhuhe| doorzlqj �upv wr uhvwruh d prqrsro| srzhu

wkdw zrxog rwkhuzlvh eh hurghg e| frpshwlwlrq1

616 H�ruw dqg Htxloleulxp Vhohfwlrq

Wkh pxowlsolflw| ri htxloleuld vwuhvvhg deryh frphv iurp wkh idfw wkdw pdqxidfwxuhuv kdyh

pruh frqwuro yduldeohv wkdq qhhghg1 Iru jlyhq zkrohvdoh sulfhv/ lwv uhwdlo sulfhv doorz d

pdqxidfwxuhu wr prqlwru wkh mrlqw sur�wv hduqhg wrjhwkhu zlwk wkh wzr uhwdlohuv/ zkloh

erwk wkh iudqfklvh ihhv dqg wkh zkrohvdoh sulfhv fdq eh xvhg wr vkduh wkhvh sur�wv1 Wkh
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pxowlsolflw| ri htxloleuld wkhq ghulyhv iurp wkh idfw wkdw d pdqxidfwxuhu lv lqgl�huhqw zlwk

uhvshfw wr lwv zkrohvdoh sulfhv/ zklfk krzhyhu gulyh lwv ulydo*v ghflvlrqv1

Wkh pxowlsolflw| ri htxloleuld jhqhudwhv ydulrxv w|shv ri sureohpv1 Lq sduwlfxodu/ lw pd|

eh gl!fxow wr gudz srolf| lpsolfdwlrqv djdlqvw ru lq idyru ri USP/ vlqfh vrph htxloleuld

fdq eh ehwwhu dqg rwkhuv zruvh wkdq wkh htxloleulxp wkdw zrxog hphujh lq wkh devhqfh

ri USP1�2 Wr flufxpyhqw wklv lvvxh/ zh qrz lqwurgxfh d +qrq frqwudfwleoh, uhwdlo h�ruw

yduldeoh zklfk d�hfwv wkh ghpdqg dqg lv fkrvhq e| wkh uhwdlohuv dw wkh vdph wlph dv wkh|

vhw sulfhv1 Wkh ohyho ri wklv h�ruw zloo eh d�hfwhg e| zkrohvdoh sulfhv/ vr wkdw wkhuh duh qr

orqjhu pruh frqwuro yduldeohv +uhwdlo sulfh/ iudqfklvh dqg pdujlqdo zkrohvdoh sulfh, wkdq

wdujhwv +lqgxvwu| sur�wv/ sur�w vkdulqj dqg h�ruw ohyho,> dv d frqvhtxhqfh/ wkh pxowlsolflw|

glvdsshduv1

Wr �{ lghdv/ vxssrvh wkdw wkh ghpdqg iru d jlyhq surgxfw ghshqgv rq erwk wkh uhwdlo

sulfhv dqg d uhwdlo h�ruw e/ dv iroorzv

'�� ETc e� ' (�� ET� n #��Ee�c

zkhuh # : f lv d vfdolqj sdudphwhu dqg � lv d wzlfh frqwlqxrxvo| gl�huhqwldeoh/ vwulfwo|

lqfuhdvlqj/ frqfdyh ixqfwlrq vdwlvi|lqj �Ef� ' f� Wkh h�ruw e lv frvwo| iru wkh uhwdlohu dqg

zh ghqrwh #��Ee� wklv frvw1 Zh vxssrvh wkdw �Ef� ' fc dqg wkdw � lv d wzlfh frqwlqxrxvo|

gl�huhqwldeoh/ vwulfwo| lqfuhdvlqj/ vwulfwo| frqyh{ ixqfwlrq1 Wkh odvw vwdjh ri wkh suhylrxv

vhtxhqwldo jdph lv wkhq prgl�hg dv iroorzv=

� Li doo r�huv kdyh ehhq dffhswhg/ uhwdlohuv vlpxowdqhrxvo| vhw wkhlu uhwdlo sulfhv +htxdo

wr wkh sulfh+v, lpsrvhg e| wkh pdqxidfwxuhu+v, xqghu USP, dqg fkrrvh wkhlu h�ruw

ohyhov +rqh iru hdfk surgxfw wkh| vhoo,> ghpdqgv duh vdwlv�hg dqg sd|phqwv pdgh

dffruglqj wr frqwudfwv1 Rwkhuzlvh/ qr surgxfw lv vrog dqg erwk pdqxidfwxuhuv dqg
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uhwdlohuv hduq }hur sur�w1

Xqghu USP/ lq wklv odvw vwdjh uhwdlohu � fkrrvhv lwv ohyhov ri h�ruw e�� dqg e�� vr dv wr

pd{lpl}h=

ER�� � ��� � ��'�� ETc e���� 8�� n ER�� � ��� � ��'�� ETc e���� 8�� � #�� Ee���� #�� Ee��� �

Wklv ohdgv wr dq h�ruw ohyho e�� zklfk ghshqgv rq wkh uhwdlo sulfh R�� dqg rq wkh

zkrohvdoh sulfh ���/ dqg zklfk zh ghqrwh e| eo�� � eo��ER��c �����

Zh dvvxph wkdw # lv vpdoo hqrxjk/ vr wkdw wkh dvvxpswlrqv 4 dqg 5 duh vwloo ydolg iru

wkh dgmxvwhg prqrsro| sur�w +iru ��� ' S dqg eo�� ' eo��ER��c S�,=

h� '
[

�Mt�c��
�Mt�c2�

�
ER�� � S� ��'�� � #�

�
eo��
��
c

dqg ghqrwh e| R� E#� wkh dgmxvwhg prqrsro| sulfh1

Lq frqwudvw zlwk wkh suhylrxv vlwxdwlrq/ pdqxidfwxuhuv duh qr orqjhu lqgl�huhqw dv wr

wkh fkrlfh ri wkhlu zkrohvdoh sulfhv/ vlqfh wkh| d�hfw wkh ohyho ri uhwdlo h�ruw fkrvhq1 Lq

rughu wr surylgh dghtxdwh lqfhqwlyhv wr wkhlu uhwdlohuv/ wkh| pxvw pdnh wkhp uhvlgxdo

fodlpdqw iru wkhlu h�ruwv/ zklfk uhtxluhv vhwwlqj zkrohvdoh sulfhv wr pdujlqdo frvw1 Dv d

uhvxow=

Sursrvlwlrq 6 Zkhq Uhvdoh Sulfh Pdlqwhqdqfh lv doorzhg/ iru dq| # : f wkhuh h{lvwv d

xqltxh v|pphwulf htxloleulxp zkhuh pdqxidfwxuhuv xvh -�� / dqg lw lv vxfk wkdw �W ' S

dqg RW ' R� E#�1

Surri1 Vhh Dsshqgl{ F1
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Wkh sursrvlwlrq hvwdeolvkhv wkdw/ zkdwhyhu wkh lpsdfw ri wkh h�ruw +hyhq lq�qlwhvlpdo,/

lq htxloleulxp wkh zkrohvdoh sulfhv duh dozd|v htxdo wr wkh pdujlqdo frvw1 Pruhryhu/ wkh

rqo| htxloleulxp zklfk lv urexvw wr wkh lqwurgxfwlrq ri uhwdlo h�ruwv lv wkh rqh wkdw ohdgv

wr wkh prqrsro| rxwfrph +lq sduwlfxodu/ RW $ R� zkhq # $ f,1 Wklv uhvxow uhlqirufhv wkh

suhvxpswlrq wkdw USP kdv d qhjdwlyh lpsdfw rq zhoiduh/ e| doorzlqj �upv wr holplqdwh

dq| frpshwlwlrq wkdw pljkw rwkhuzlvh suhydlo1

7 Hqgrjhqrxv Pdunhw Vwuxfwxuh

Wkh dqdo|vlv suhvhqwhg lq wkh suhylrxv vhfwlrq suhvxphv wkdw grxeoh frpprq djhqf| lv

wkh htxloleulxp pdunhw vwuxfwxuh dqg wkdw pdqxidfwxuhuv h{wudfw doo sur�wv1 Zh qrz uhod{

wkh dvvxpswlrq wkdw wkh pdunhw �euhdnv grzq� dv vrrq dv rqh frqwudfw lv uhixvhg e| d

uhwdlohu1 Pdunhw vwuxfwxuh lv wkhq hqgrjhqrxv �grxeoh frpprq djhqf| lv qrw qhfhvvdulo|

wkh htxloleulxp pdunhw vwuxfwxuh> ixuwkhupruh/ pdqxidfwxuhuv pd| kdyh wr ohdyh vrph

sur�w wr wkh uhwdlohuv wr lqgxfh wkhp wr fduu| erwk ydulhwlhv1 Zh dgguhvv wkrvh wzr lvvxhv

lq wxuq1

714 Frpshwlwlyh Uhwdlohuv

Zh �uvw pdlqwdlq wkh dvvxpswlrq wkdw pdqxidfwxuhuv duh deoh wr h{wudfw doo sur�wv/ zkloh

pdnlqj wkh pdunhw vwuxfwxuh hqgrjhqrxv1 Iru wkdw sxusrvh/ zh dvvxph wkdw wkhuh lv

frpshwlwlyh vxsso| ri srwhqwldo uhwdlohuv dqg frqvlghu d vhohfwlrq jdph forvh wr wkdw vwxglhg

e| Ehuqkhlp dqg Zklqvwrq +4<;8, iru vlwxdwlrqv ri vlqjoh frpprq djhqf|1

Vshfl�fdoo|/ zh zloo vxssrvh khuh wkdw wkhuh h{lvw qrw wzr gl�huhqwldwhg glvwulexwruv

exw/ udwkhu/ wzr gl�huhqw w|shv ri uhwdlohuv/ w|sh ��� dqg w|sh �2�/ zlwk wkh vdph fkdudf0

whulvwlfv dv wkh uhwdlohuv � dqg 2 suhvhqwhg lq wkh suhylrxv vhfwlrq/ dqg zh ixuwkhu dvvxph
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wkdw wkhuh h{lvw dw ohdvw irxu uhwdlohuv ri hdfk w|sh/ qdpho|/ uhwdlohuv �/ ��/���/ ����/ dqg

uhwdlohuv 2/ 2�/ 2�� dqg 2��� +dv zh zloo vhh/ �irxu� lv hqrxjk lq rxu iudphzrun wr jhqhu0

dwh d shuihfwo| frpshwlwlyh vxsso| ri uhwdlohuv dqg uxoh rxw shfxoldu vwudwhjlhv edvhg rq

d vfduflw| ri uhwdlohuv,1 Rqh lqwhusuhwdwlrq lv wkdw wkhuh duh wzr uhwdlo rxwohwv/ dqg irxu

fdqglgdwh uhwdlohuv iru hdfk rxwohw1 Wklv ohdgv wr dgdsw wkh frpshwlwlyh jdph dv iroorzv

+jdph C,=

41 Wkh wzr pdqxidfwxuhuv vlpxowdqhrxvo| sursrvh frqwudfwv wr uhwdlohuv1 Dv ehiruh/

hdfk frqwudfw frqvlvwv ri d zkrohvdoh wzr0sduw wdul� dqg/ li doorzhg/ ri dq lpsrvhg

uhwdlo sulfh/ dqg duh sxeolfo| revhuydeoh1

51 Uhwdlohuv vlpxowdqhrxvo| dffhsw ru uhmhfw wkh r�huv> wkh| fdq frqglwlrq wkhlu dffhs0

wdwlrq rq wkh �qdo vwuxfwxuh ri wkh glvwulexwlrq vhfwru/ vr wkdw hdfk uhwdlohu fdq

fkrrvh dprqj �yh vwudwhjlhv=

0 Eoc o�= uhixvlqj erwk r�huv1

0 E@c o�= dffhswlqj �*v r�hu exw uhmhfwlqj �*v rqh1

0 Eoc @�= dffhswlqj �*v r�hu exw uhmhfwlqj �*v rqh1

0 E@c @�= dffhswlqj erwk r�huv1

0 E@c @�S= dffhswlqj erwk r�huv/ exw rqo| li fkrvhq dv d frpprq uhwdlohu e| wkh

pdqxidfwxuhuv1

61 Wkh pdqxidfwxuhuv vlpxowdqhrxvo| vhohfw dw prvw rqh uhwdlohu ri hdfk w|sh/ dprqj

wkrvh wkdw kdyh dffhswhg wkh frqwudfwv1

71 Wkh vhohfwhg uhwdlohuv frpshwh lq sulfhv rq wkh �qdo pdunhw ru fkdujh wkh uhwdlo

sulfhv lpsrvhg e| wkh pdqxidfwxuhuv/ dqg wkh fruuhvsrqglqj frqwudfwv duh hqirufhg1
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Zh kdyh=

Sursrvlwlrq 7 Dvvxph

4@ 
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dER� S� ��( ERc Sn �c Rc Sn ��o �
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e
Z� +F4,

dqg
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e
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+F5,

Wkhq wkhuh h{lvwv dq htxloleulxp ri jdph EC� zkhuh pdqxidfwxuhuv xvh USP/ fkrrvh wzr

frpprq uhwdlohuv +grxeoh frpprq djhqf|,/ vhw zkrohvdoh sulfhv wr pdujlqdo frvw E�S ' S�

dqg uhwdlo sulfhv wr wkh prqrsro| ohyho
�
RS ' R�

�
/ dqg dfklhyh prqrsro| sur�wv +wkdw lv/

uhwdlo sur�wv duh }hur,1

Surri1 Wkh surri lv frqvwuxfwlyh dqg edvhg rq wkh iroorzlqj fdqglgdwh htxloleulxp

sdwk=

41 Erwk pdqxidfwxuhuv sursrvh wkh iroorzlqj USP frqwudfwv=

0 wr uhwdlohuv �/ ��c 2 dqg 2�= � '
�
� ' Sc R ' R� c 8 ' ER� � S� ��(ET��

�
(

0 wr uhwdlohuv ���/ ����c 2�� dqg 2��� G 	� ' E� ' Sc R ' Sn �c 8 ' f�1

51 Doo uhwdlohuv dffhsw erwk pdqxidfwxuhuv* frqwudfwv +vwudwhj| E@c @�, � dqg duh zloolqj

wr dffhsw dq| frqwudfw wkdw jlyhv wkhp d qrq0qhjdwlyh sur�w11

61 Erwk pdqxidfwxuhuv vhohfw uhwdlohuv � dqg 2 dv frpprq djhqwv1
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Vlqfh doo sursrvhg zkrohvdoh pdun0xsv duh }hur/ dw wkh odvw vwdjh wkh pdqxidfwxuhuv

duh zloolqj wr vhohfw wkh pd{lpxp qxpehu ri uhwdlohuv/ dqg suhihu � wr 	�1 Khqfh/ jlyhq

uhwdlohuv* ehkdylru dw vwdjh 2/ wkhuh lv qr sur�wdeoh ghyldwlrq dw vwdjh �1

	� lv vxfk wkdw uhwdlohuv ���/ ����c 2�� dqg 2��� hduq }hur sur�w/ zkdwhyhu wkh pdunhw

vwuxfwxuh dqg wkh vwudwhjlhv sod|hg e| wkh rwkhu uhwdlohuv1 Wkhvh uhwdlohuv duh wkxv zloolqj

wr dffhsw 	�1

Vlploduo|/ dw vwdjh 2 uhwdlohuv �/ ��c 2 dqg 2� duh zloolqj wr dffhsw wkh frqwudfw � +dqg

jhw }hur sur�w, r�huhg e| wkh wzr pdqxidfwxuhuv1 Lq sduwlfxodu/ e| uhixvlqj rqh ru erwk

frqwudfwv/ uhwdlohu � zrxog qrw d�hfw wkh rwkhu sod|huv* htxloleulxp sur�wv dqg pdunhw

vwuxfwxuh +grxeoh frpprq djhqf|, lq wkh frqwlqxdwlrq jdph= wkh pdqxidfwxuhuv zrxog

vwloo zdqw wr vhohfw wzr uhwdlohuv +rqh ri hdfk w|sh, dprqj wkrvh zkr kdyh dffhswhg wkhlu

frqwudfwv/ dqg lw zrxog vwloo eh srvvleoh iru wkhp wr vhohfw wzr uhwdlohuv zkr kdyh dffhswhg

frqwudfw �� Wkhuhiruh/ uhwdlohu � kdv qr lqfhqwlyh wr ghyldwh1

Ohw xv �qdoo| fkhfn wkdw wkhuh lv qr sur�wdeoh ghyldwlrq iru � lq wkh �uvw vwdjh1 Wkh

pd{lpxp sur�w wkdw � fdq hduq e| ghyldwlqj ghshqgv rq wkh �qdo vwuxfwxuh ri wkh pdunhw1

Exw lw lv lpsrvvleoh wr h{foxgh wkh ulydo pdqxidfwxuhu iurp wkh pdunhw/ vlqfh lw dozd|v

h{lvwv dq htxloleulxp ri wkh frqwlqxdwlrq jdph lq zklfk uhwdlohuv ���/ 2��/ ����dqg 2��� dffhsw

wr glvwulexwh wkh ulydo*v jrrg1 Rq �*v vlgh/ wkh �qdo vwuxfwxuh wkhuhiruh rqo| ghshqgv rq

wkh w|sh ri uhwdlohuv vhohfwhg e| � +frqwudfw � ru 	���

Vxssrvh wkdw � hqgv0xs zlwk wzr uhwdlohuv kdylqj dffhswhg frqwudfw � +iru h{dpsoh �

dqg 2�� Wkhq/ vlqfh � fdqqrw hduq pruh wkdq wkh lqgxvwu| sur�w/ wkh pd{lpdo sur�w kh
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fdq hduq lv htxdo wr

4@ 
ER�cR2�

�
ER� � S� ��(

�
R�c R

� c R2c R
�
�
n ER� � S� ��(

�
R� c R�c R

� c R2
�

nER2 � S� ��(
�
R2c R

� c R�c R
�
�
n ER� � S� ��(

�
R� c R2c R

� c R�
��

' �
2
Z�

Dvvxph qrz wkdw � hqgv0xs zlwk wzr uhwdlohuv kdylqj dffhswhg frqwudfw 	� +ohw vd| ���

dqg 2���� Wkhq/ � fdqqrw hduq pruh wkdq

4@ 
ER�cR2�

dER� � S� ��( ER�c Sn �c R2c Sn �� n ER2 � S� ��( ER2c Sn �c R�c Sn ��o

Xqghu dvvxpswlrq 2/ wklv pd{lpxp lv uhdfkhg iru v|pphwulf sulfh> khqfh/ xvlqj frqglwlrq

E���=

4@ 
R

dER� S� ��( ERc Sn �c Rc Sn ��o �
�

e
Z�

Vxssrvh �qdoo| wkdw � hqgv0xs zlwk rqh uhwdlohu kdylqj dffhswhg frqwudfw � dqg

frqwudfw 	� +iru h{dpsoh � dqg 2���� Wkh pd{lpxp sur�w wkdw � fdq rewdlq lv wkhq wkh

lqgxvwu| sur�w ohvv wkh iudqfklvh wkdw uhwdlohu � kdv wr sd| wr pdqxidfwxuhu �=

4@ 
ER�cR2�

�
ER� � S� ��(
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R�c R

� c R2c Sn �
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��

Wklv ghyldwlrq fdqqrw eh sur�wdeoh xqghu frqglwlrq E�2��

Wkhuhiruh/ xqghu frqglwlrqv E��� dqg E�2�/ wkhuh lv qr sur�wdeoh ghyldwlrq iru � dw

wkh �uvw vwdjh1
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715 Uhwdlo Pdunhw Srzhu

Zh qrz frqvlghu wkh lpsdfw ri uhwdlo pdunhw srzhu1 Wr �{ lghdv/ zh uhwxuq wr wkh fdvh

zkhuh wkhuh lv rqo| rqh uhwdlohu ri hdfk w|sh exw dvvxph wkdw d uhwdlohu lv iuhh wr uhixvh d

frqwudfw/ dqg wkdw wkh pdunhw grhv qrw euhdn grzq dq|pruh zkhq rqh uhwdlohu uhixvhv d

frqwudfw1 Zh zloo wkxv frqvlghu wkh iroorzlqj jdph=

d�o Pdqxidfwxuhuv sursrvh frqwudfwv wr wkh wzr uhwdlohuv> hdfk frqwudfw frqvlvwv ri d

zkrohvdoh wzr0sduw wdul� E���c 8��� dqg/ li doorzhg/ ri dq lpsrvhg uhwdlo sulfh R���

d2o Wkh wzr uhwdlohuv revhuyh doo frqwudfwv dqg ghflgh zkhwkhu wr dffhsw wkhp> hdfk

uhwdlohu fdq dffhsw erwk frqwudfwv/ dffhsw rqo| rqh/ ru uhixvh erwk>

d�o Wkh wzr uhwdlohuv frpshwh lq sulfhv/ ru fkdujh wkh uhwdlo sulfhv lpsrvhg e| wkh pdq0

xidfwxuhuv/ iru wkh surgxfwv wkh| kdyh dffhswhg wr fduu|> ghpdqg lv vhuyhg dqg sd|phqwv

pdgh dffruglqj wr dffhswhg frqwudfwv1

Wzr lvvxhv dulvh lq wklv frqwh{w1 Iluvw/ d pdqxidfwxuhu fdq qrz pruh hdvlo| h{foxgh

lwv ulydo/ e| lqgxflqj rqh ri erwk uhwdlohuv wr fduu| lwv eudqg rqo|> dv d uhvxow/ grxeoh

frpprq djhqf| htxloleuld pd| qrw h{lvw dq|pruh1 Vhfrqg/ lq d grxeoh frpprq djhqf|

vlwxdwlrq/ pdqxidfwxuhuv pxvw jlyh hdfk uhwdlohu dw ohdvw wkh sur�w lw frxog rewdlq e|

vhoolqj h{foxvlyho| wkh ulydo eudqg> dv zh zloo vhh/ wklv lpsolhv wkdw pdqxidfwxuhuv pxvw

ohdyh d uhqw wr uhwdlohuv �wkdw lv/ wkh| fdqqrw h{wudfw doo wkh lqgxvwu| sur�wv/ hyhq li wkh|

fdq pdnh wdnh0lw0ru0ohdyh0lw r�huv1��

Wkh h{lvwhqfh ri wkhvh uhqwv �dqg wkh idfw wkdw wkh| pxvw eh hydoxdwhg iru dv|pphwulf

vwuxfwxuhv/ wrr� vrphzkdw frpsolfdwhv wkh dqdo|vlv1 Zh frxog surylgh d sduwldo fkdudf0

whul}dwlrq ri grxeoh frpprq djhqf| htxloleuld iru jhqhudo ghpdqg vwuxfwxuhv exw lw lv

gl!fxow wr dvvhvv wkh h{lvwhqfh ri wkhvh htxloleuld dqg wr frpsduh wkh lpsdfw ri doorzlqj

USP rq htxloleulxp sulfhv dqg sur�wv1 Lq rughu wr vkhg vrph oljkw/ zh zloo wkhuhiruh
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uhvwulfw dwwhqwlrq lq wklv vhfwlrq wr d olqhdu prgho zkhuh frvwv duh qrupdol}hg wr }hur=

S ' � ' fc

dqg ghpdqg lv jlyhq e| �e

(�� ET� ' �� R�� n kR�� n qR�& n BR�&/

zlwk kc qc B � f� Wkh sdudphwhu k phdvxuhv wkh ghjuhh ri lqwhueudqg ulydou| +ru surgxfhuv*

vxevwlwxwdelolw|,> wkh wzr eudqgv duh lqghshqghqw zkhq k ' f dqg ehfrph forvhu vxevwl0

wxwhv dv k lqfuhdvhv1 Vlploduo|/ q phdvxuhv wkh ghjuhh ri lqwudeudqg ulydou| +ru uhwdlohuv*

vxevwlwxwdelolw|,1 Odvw/ wkh B uh hfwv wkh h�hfw ri dq lqfuhdvh lq wkh sulfh ri d surgxfw rq

wkh ghpdqg iru wkh ulydo eudqg/ vrog e| wkh frpshwlqj uhwdlohu1 Lw vhhpv uhdvrqdeoh wr

dvvxph wkdw wklv sdudphwhu lv uhodwhg wr dqg orzhu wkdq erwk k dqg q1 Iru vlpsolflw| zh

zloo ixuwkhupruh dvvxph

B ' kq�

Ilqdoo|/ wr hqvxuh wkdw doo wkh suhylrxv dvvxpswlrqv duh vdwlv�hg/ zh vxssrvh=�D

kn q n kq 	 ��

71514 Wzr0Sduw Wdul�v

Vwduwlqj zlwk wkh fdvh zkhuh USP lv qrw doorzhg/ zh �uvw vkrz wkdw uhwdlohuv* pdunhw

srzhu hqvxuh wkdw wkh| hduq srvlwlyh uhqwv zkhqhyhu wkh| fduu| erwk eudqgv1
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Jlyhq zkrohvdoh sulfhv � 'E��&��c& +zlwk wkh frqyhqwlrq ��� ' > li uhwdlohu � grhv qrw

fduu| eudqg �,/ dw wkh odvw vwdjh uhwdlo frpshwlwlrq ohdgv wr htxloleulxp sulfhv To E�� '

�
Ro�� E��

�
�(�

+zlwk Ro�� ' 7R�� li ��� ' > � vhh irrwqrwh 715, dqg txdqwlwlhv (o
�� E�� '

(
�
Ro��c R

o
��c R

o
�&c R

o
�&

�
1 Dw wkh vhfrqg vwdjh/ uhwdlohu �/ vd|/ zloo dffhsw wr fduu| erwk eudqgv

li/ e| grlqj vr/ lw hduqv sur�wv wkdw duh qrw rqo| qrqqhjdwlyh/ exw dovr kljkhu wkdq wkh

sur�w lw frxog ghulyh iurp vhoolqj rqo| rqh eudqg1 Wkhuhiruh lq dq| htxloleulxp zkhuh erwk

uhwdlohuv fduu| erwk surgxfwv/ wkh frqwudfw ehwzhhq � dqg � pxvw vdwlvi| wkh iroorzlqj

wkuhh frqvwudlqwv=

ERo�� � ����(
o
�� � 8�� n ERo�� � ����(

o
�� � 8�� � fc +6,

�� � E�R�� � ���� �(�� � 8��c +7,

�� � E	R�� � ���� 	(�� � 8��c +8,

zkhuh �R�� ' Ro�� E>c ���c ��2c ��2� dqg �(�� ' (o
�� E>c ���c ��2c ��2� +uhvshfwlyho| 	R��

dqg 	(��� ghqrwh wkh sulfhv dqg txdqwlwlhv wkdw uhvxow iurp uhwdlo frpshwlwlrq zkhq �

fduulhv rqo| eudqg � +uhvshfwlyho|/ eudqg �,1

Vlqfh uhprylqj rqh eudqg iurp rqh vwruh holplqdwhv rqh ri wkh �surgxfwv� dydlodeoh/

lw ohdgv wr kljkhu shu0surgxfw sur�wv> uhwdlohu � fdq wkhuhiruh jxdudqwhh lwvhoi d srvlwlyh

sur�w=

Ohppd 8 Zkhqhyhu d uhwdlohu fduulhv erwk eudqgv/ wklv uhwdlohu hduqv srvlwlyh sur�wv1

Surri1 Vxssrvh/ vd|/ wkdw uhwdlohu � uhixvhv wr fduu| eudqg � dqg frqvlghu wkh lpsdfw

rq wkh sur�wv dfklhyhg e| � rq �1 Iluvw/ uhprylqj surgxfw �� lqfuhdvhv wkh ghpdqg iru

doo rwkhu surgxfwv1 Nhhslqj wkh sulfhv iru wkh rwkhu surgxfwv �{hg/ wklv jlyhv hdfk uhwdlohu
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� dq lqfhqwlyh wr udlvh wkh sulfh iru surgxfw ��1 Wkh qdwxuh ri wkh uhwdlo sulfh htxloleulxp

lq wklv olqhdu prgho +vwudwhjlf frpsohphqwdulw| ri sulfhv/ vwdelolw| ri wkh htxloleulxp,

wkhq lpsolhv wkdw/ lq wkh qhz htxloleulxp/ doo uhwdlo sulfhv duh kljkhu1 Ilqdoo|/ lq wkh qhz

htxloleulxp/ uhwdlohu � idfhv d kljkhu ghpdqg iru surgxfw �� +erwk ehfdxvh ri wkh uhsruw

iurp surgxfw �� dqg iurp wkh lqfuhdvh lq wkh sulfh iru wkh rwkhu surgxfwv, dqg wkhuhiruh

dfklhyhv d juhdwhu sur�w rq wklv surgxfw1

Wklv lpsolhv E�R�� � ���� �(�� : ERo�� � ����(
o
��( wkhuhiruh Ee� lpsolhv

ERo�� � ����(
o
�� � 8�� : f� +9,

Wkh vdph dujxphqw vkrzv wkdw E	R�� � ���� 	(�� : ERo�� � ����(
o
��c dqg wkxv ED� lpsolhv

ERo�� � ����(
o
�� � 8�� : f� +:,

Frpelqlqj ES� dqg E.� lpsolhv wkdw uhwdlohu � jhwv srvlwlyh uhqwv dqg wkdw E�� lv qrw

elqglqj1

Wkh qh{w Sursrvlwlrq vkrzv wkdw/ gxh wr uhwdlohuv* pdunhw srzhu/ lw pd| eh wkh fdvh

wkdw qr v|pphwulf htxloleulxp h{lvwv zkhuh erwk uhwdlohuv fduu| erwk eudqgv1

Sursrvlwlrq 9 Iru k ' f�� dqg q ' f��/ zlwkrxw Uhvdoh Sulfh Pdlqwhqdqfh wkhuh h{lvwv

qr v|pphwulf htxloleulxp zlwk grxeoh frpprq djhqf|1

Surri1 Vhh Dsshqgl{ G1

71515 Uhvdoh Sulfh Pdlqwhqdqfh

Zkhq pdqxidfwxuhuv lpsrvh uhwdlo sulfhv/ lq dq| v|pphwulf htxloleulxp zkhuh erwk uh0

wdlohuv fduu| erwk eudqgv/ � pxvw phhw wkh iroorzlqj wzr frqvwudlqwv +( ER��c >c R�2c R�2�
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ghqrwlqj wkh ghpdqg iru eudqg � dw uhwdlohu � zkhq wklv uhwdlohu fduulhv rqo| wkdw eudqg,=

ER� ��( � 8 n ER� ��( � 8 � f +;,

�� � ER� ��( ERc >c Rc R�� 8 +<,

Vlqfh uhprylqj d surgxfw lqfuhdvhv wkh ghpdqg iru wkh uhpdlqlqj rqhv/ wkh vhfrqg

frqvwudlqw lv uhohydqw/ dqg wkxv uhwdlohuv hduq d srvlwlyh uhqw/ zkhqhyhu wkh lpsrvhg uhwdlo

sulfh lv kljkhu wkdq wkh zkrohvdoh sulfh1 Wkh qh{w sursrvlwlrq vkrzv wkdw vxfk htxloleuld

h{lvw dqg ghvfuleh vrph ri wkhlu surshuwlhv=

Sursrvlwlrq : Wkhuh h{lvw udqjhv ri ydoxhv iru k dqg q vxfk wkdw/ zlwk Uhvdoh Sulfh

Pdlqwhqdqfh/ wkhuh h{lvw d frqwlqxxp ri v|pphwulf htxloleuld zlwk grxeoh frpprq djhqf|/

ri wkh irup ��� ' �W/ R�� ' RW dqg vxfk wkdw=

� RW 5
�
R Ekc q� c R Ekc q�

�
>

� �W 5
�
� Ekc q� c R Ekc q�

�
dqg lv lqyhuvho| uhodwhg wr RW=

RW '
�� kE�� q��W

2E�� k� q�
c

vr wkdw RW ghfuhdvhv iurp R : R� iru �W ' � wr RW ' R 	 R� iru �W ' R>

� uhwdlohuv* sur�wv duh htxdo wr ERW � �W� d( ERWc >c RWc RW��(Wo/ lqfuhdvh lq RW dv orqj

dv RW � R� >

� pdqxidfwxuhuv* sur�wv duh d ghfuhdvlqj ixqfwlrq ri RW1

Surri1 Vhh Dsshqgl{ H1

Qrwh wkdw wkh Sursrvlwlrq rqo| surylghv vx!flhqw frqglwlrqv iru wkh h{lvwhqfh ri v|p0

phwulf htxloleuld zlwk grxeoh frpprq djhqf|1 Wkhuh pd| h{lvw rwkhu htxloleuld/ lqfoxglqj
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rwkhu v|pphwulf/ grxeoh frpprq djhqf| htxloleuld1 Wkh iroorzlqj Iljxuh uhsuhvhqwv wkh

udqjh ri ydoxhv iru zklfk wkh h{lvwhqfh uhvxow ri wkh Sursrvlwlrq dssolhv1

Iljxuh 4 khuh

Ghvslwh wkh suhvhqfh ri uhwdlo uhqwv/ wkh htxloleulxp uhwdlo sulfh lv vwloo d ghfuhdvlqj

ixqfwlrq ri wkh htxloleulxp zkrohvdoh sulfh1 Wzr h�hfwv duh qrz dw zrun1 Iluvw/ dv lq

wkh devhqfh ri uhwdlo uhqwv/ udlvlqj �*v zkrohvdoh sulfhv uhgxfhv �*v lqfhqwlyhv wr lqfuhdvh

�*v vdohv/ wkhuhe| lqgxflqj � wr orzhu lwv uhwdlo sulfhv1 Krzhyhu/ lqfuhdvlqj �*v zkrohvdoh

sulfhv dovr uhgxfhv hdfk uhwdlohu*v uhqw/ zklfk lv jlyhq e|

ER� � ���( ER�c >c R�c R��� 8��

Wklv vhfrqg h�hfw whqgv wr plwljdwh �*v lqfhqwlyhv wr nhhs orz sulfhv lq rughu wr uhgxfh

uhwdlo uhqwv/ exw lv grplqdwhg e| wkh �uvw rqh lq wklv olqhdu prgho1

Ehfdxvh ri wklv vhfrqg h�hfw/ krzhyhu/ wkh htxloleulxp uhwdlo sulfh lv ehorz wkh prqrsro|

ohyho zkhq zkrohvdoh sulfhv duh htxdo wr pdujlqdo frvw= iru �W ' f/

RW Ef� '
�

2E�� k� q�
	 R� �

Krzhyhu/ vlqfh 7R : R� / wkhuh h{lvwv �� 5 d�c fo vxfk wkdw RW
�
��

�
' R� = pdqxidfwxuhuv

fdq vxvwdlq prqrsro| sulfhv/ exw wr gr vr wkh| pxvw vhw zkrohvdoh sulfhv ehorz wkhlu

pdujlqdo frvw ri surgxfwlrq1

Vxevlgl}lqj zkrohvdoh sulfhv lqfuhdvhv uhwdlo uhqwv/ krzhyhu1 Lq htxloleulxp/ wklv uhqw

+shu uhwdlohu dqg shu eudqg, lv htxdo wr=�S
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ZW- ' ERW � �W� d( ERWc >c RWc RW��( ERWc RWc RWc RW�o

' kERW � �W�(W�

Wkhuhiruh/

�

k

_ZW-
_RW

'
_ ERW � �W�

_RW
(W n ERW � �W�

_(W

_RW
�

Jlyhq wkh lqyhuvh uhodwlrqvkls ehwzhhq RW dqg �W/ wkh pdun0xs ERW � �W� lqfuhdvhv zlwk

RW dqg wklv h�hfw grplqdwhv zkhq RW lv vpdoo +qdpho| khuh/ dv orqj dv RW uhpdlqv ehorz

wkh prqrsro| ohyho,/ vlqfh wkhq ERW � �W� lv vpdoo dqg (W lv odujh1

Surgxfhuv* sur�wv +shu uhwdlohu, duh ri wkh irup=

ZW� ' RW(W� ~} � � ZW-��~}�
Lqgxvwu| Sur�w Uhqw wr eh ohiw wr wkh uhwdlohu

Khqfh/ vwduwlqj iurp RW ' R/ surgxfhuv idfh d wudgh0r� ehwzhhq lqfuhdvlqj lqgxvwu|

sur�w +e| udlvlqj uhwdlo sulfhv wr wkh prqrsro| ohyho, dqg uhgxflqj uhwdlo uhqwv +e| pdlq0

wdlqlqj orz uhwdlo sulfhv,1 Sursrvlwlrq : vkrzv wkdw lq wklv olqhdu prgho/ wkh uhqw h�hfw

grplqdwhv> wkhuhiruh=

Fruroodu| ; Dprqj wkh htxloleuld zlwk grxeoh frpprq djhqf| ghvfulehg lq sursrvlwlrq

:/ wkh prvw sur�wdeoh rqh iru wkh pdqxidfwxuhuv lv wkh htxloleulxp zlwk wkh orzhvw uhwdlo

sulfh +dqg wkxv wkh kljkhvw zkrohvdoh sulfh,

Lq frqwudvw/ wkh prvw sur�wdeoh fdqglgdwh htxloleulxp iru wkh uhwdlohuv hqwdlov d uhwdlo

sulfh h{fhhglqj wkh prqrsro| ohyho �dqg li rqo| orzhu sulfhv fdq dfwxdoo| eh vxvwdlqhg lq
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htxloleulxp/ uhwdlohuv zloo suhihu wkh htxloleulxp zlwk wkh kljkhvw sulfh1

8 Frqfoxvlrq

Wklv sdshu surylghv d edvlv iru frpshwlwlrq dxwkrulwlhv* wrxjk dwwlwxgh wrzdugv -�� 1

Lq d frqwh{w ri lqwhuorfnlqj uhodwlrqvklsv zkhuh frpshwlqj uhwdlohuv fduu| vhyhudo frp0

shwlqj eudqgv/ dqg dv orqj dv frpshwlwlrq dprqj uhwdlohuv holplqdwhv wkhlu uhqwv/ -��

doorzv �upv wr pdlqwdlq prqrsro| sulfhv dqg wkxv ghihdw erwk xsvwuhdp dqg grzqvwuhdp

frpshwlwlrq1 Wklv lv wkh fdvh hyhq zkhq uhwdlo sulfhv duh vhw lqghshqghqwo| iru hdfk uh0

wdlohu/ dqg yhuwlfdo frqwudfwv duh qhjrwldwhg elodwhudoo| dqg lqghshqghqwo| iurp hdfk rwkhu

+sxuho| �yhuwlfdo� -��,1

Wkh vlwxdwlrq lv krzhyhu pruh frpsoh{ zkhq lpshuihfw frpshwlwlrq dprqj uhwdlohuv

jhqhudwh uhqwv grzqvwuhdp1 Iluvw/ htxloleuld zkhuh frpshwlqj uhwdlohuv fduu| frpshwlqj

eudqgv pd| qr orqjhu h{lvw/ hyhq li ghpdqg frqglwlrqv zrxog pdnh wklv rxwfrph ghvludeoh>

-�� pd| vwloo doorz �upv wr jhqhudwh sulfhv forvhu wr wkh prqrsro| ohyho � dv zhoo dv

orzhu wkdq zlwkrxw -�� 1 Vhfrqg/ zklfk sulfh ohyho zloo suhydlo ghshqgv rq krz �upv

frruglqdwh wkhlu htxloleulxp ehkdylru> uhwdlohuv idyru kljk sulfhv zkloh pdqxidfwxuhuv

suhihu orz sulfhv lq rughu wr plqlpl}h uhwdlohuv* uhqwv1

5:



D Surri ri Sursrvlwlrq 4

Dw d v|pphwulf htxloleulxp ri wkh irup R�� ' Re dqg ��� ' �e/ pdqxidfwxuhu � pxvw �qg

lw rswlpdo wr fkrrvh E���c ��2� ' E�ec �e� zkhq lwv ulydo dgrswv E���c ��2� ' E�ec �e�> vlqfh

wkh uhwdlo htxloleulxp suhvhuyhv v|pphwu| +Dvvxpswlrq 6,/ dqg ghqrwlqj e|

h( ER�c R�� ' ( ER�c R�c R�c R��

wkh ghpdqg iru �surgxfw� E�c �� zkhq uhwdlo sulfhv duh v|pphwulf iru erwk pdqxidfwxuhuv

ER�� ' R�2 ' R� iru � ' �c��/ lw pxvw wkhuhiruh eh wkh fdvh wkdw=

�e 5 @h}4@ 
�

q
2EhR E�c�e�� S� �� h( EhR E�c�e� c hR E�ec ��� +43,

n2EhR E�ec ��� �e � �� h( EhR E�ec �� c hR E�c�e��
r
�

Vlqfh wklv sur�w ixqfwlrq lv vlqjoh0shdnhg +Dvvxpswlrq 7,/ �e dqg Re ' hR E�ec �e�

pxvw vdwlvi| wkh �uvw0rughu frqglwlrq +zlwk ( dqg wkh ghulydwlyhv hydoxdwhg dw Te '

ERec Rec Rec Re�,=

E� n w�
� h( ERec Re�� ERe � S� �� Eb� >�

�
� E�e � S� E>� bw� ' fc +44,

zkhuh

b � �Y� h( ERec Re� c > � Y2 h( ERec Re� dqg w '
Y2hR
Y�hR�

Exw dw d v|pphwulf htxloleulxp/ wkh uhwdlo htxloleulxp lv fkdudfwhul}hg e| wkh �uvw0rughu

5;



frqglwlrq=

h( ERec Re�� b ERe � �e � �� ' f� +45,

Xvlqj E�2�/ E��� uhzulwhv dv

E� n w� ERe � �e � ��>� E�e � S� Eb� w>� ' fc

dqg wklv lpsolhv �e : S vlqfh b : > : f/ dqg/ iurp dvvxpswlrq 6/ w � fdqg >� bw : f1

� Ohw xv qrz suryh wkdw Re 	 R� � Jlyhq �e : Sc +44, lpsolhv=

h( ERec Re�� ERe � S� �� Eb� >� : fc

zklfk lq wxuq lpsolhv wkdw/ vwduwlqj iurp T ' T
ec d xqlirup lqfuhdvh lq doo sulfhv rq

wkh prqrsro| sur�w lv srvlwlyh1 E| dvvxpswlrq wkh prqrsro| sur�w lv vlqjoh0shdnhg dw

T
� dqg wkxv/ Re 	 R� 1

E Surri ri Sursrvlwlrq 5

Li lwv ulydo dgrswv zkrohvdoh sulfhv E���c ��2� ' E�Wc �W� dqg uhwdlo sulfhv ER��c R�2� '

ERWc RW�/ pdqxidfwxuhu � zloo fkrrvh lwv zkrohvdoh sulfhv ��� dqg ��2/ uhwdlo sulfhv R��

5<



dqg R�2 dqg iudqfklvhv 8�� dqg 8�2 vr dv wr vroyh +zlwk T ' ER��c R
Wc R�2c R

W�,=

4@ 
���c��2cR��cR�2c8��c8�2

E��� � S�(�� ET� n 8�� n E��2 � S�(�2 ET� n 8�2

r�|�
ER�� � ��� � ��(��ET�� 8�� n ERW � �W � ��(��ET�� 8�� � fc

ER�2 � ��2 � ��(�2ET�� 8�2 n ERW � �W � ��(�2ET�� 8�2 � fc

ru/ vlqfh wkh sduwlflsdwlrq frqvwudlqwv duh fohduo| elqglqj=

4@ 
R��cR�2

iER�� � S� ��(�� ET� n ERW � �W � ��(�� ET�

nER�2 � S� ��(�2 ET� n ERW � �W � ��(�2 ET�j �

+46,

Qrwh wkdw pdqxidfwxuhu � lv lqgl�huhqw dv wr wkh fkrlfh ri zkrohvdoh sulfhv dqg lv wkxv

zloolqj wr dgrsw E���c ��2� ' E�Wc �W� +wrjhwkhu zlwk iudqfklvh ihhv wkdw uhfryhu uhwdlohuv*

sur�wv,1 Dqg iurp dvvxpswlrq 5 wkh deryh remhfwlyh ixqfwlrq lv vlqjoh0shdnhg lq ER��c R�2�

dqg pd{lpdo iru R�� ' R�2 ' 	R ERWc �W�> ixuwkhupruh/ iru dq| �W wkhuh lv d xqltxh

RW vdwlvi|lqj RW ' 	R ERWc �W�1 Wkhuhiruh/ iru dq| �W/ wkhuh h{lvwv d xqltxh v|pphwulf

htxloleulxp zlwk ��� ' �W dqg R�� ' RW/ zkhuh RW lv wkh xqltxh vroxwlrq wr RW ' 	R ERWc �W� �

Iru R�� ' R�2 ' R/ wkh remhfwlyh ixqfwlrq lq E��� fdq eh uhzulwwhq dv 2s ERc RWc �W�/

zlwk=

s ERc RWc �W� � ER� S� ��( ERc RWc Rc RW� n ERW � �W � ��( ERWc Rc RWc R� c
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vr wkdw RW ' 	R ERWc �W� lv fkdudfwhul}hg e| wkh �uvw0rughu htxdwlrq=

RW � S� �

RW
'

�

. ETW�
�
�W � S

RW
0� ETW� n 0�( ETW�

. ETW�
� +47,

Iru �W ' S/ E�e� |lhogv=

RW � S� �

RW
'

�

. ETW�
'
R� � S� �

R�
c

dqg wkxv wkh vroxwlrq lv RW ' R� 1 Wr hvwdeolvk wkdw RW ghfuhdvhv zkhq �W lqfuhdvhv/ qrwh

�uvw wkdw

Y2s

Y�WYR
'

Y

YR
d�( ERWc Rc RWc R�o ' �

�
0� n 0�(

� ( ETW�

RW
	 f�

Wkhuhiruh/ d vwdqgdug uhyhdohg suhihuhqfh dujxphqw ohdgv wr Y	R
Y�W

	 f1 Vlqfh f 	 Y	RERc�W�
YR

	

� iurp dvvxpswlrq 5/ wkh �{hg srlqw wr R $ 	R ERc�W� wkhq ghfuhdvhv zkhq �W lqfuhdvhv1

F Surri ri Sursrvlwlrq 6

Dw wkh odvw vwdjh/ uhwdlohu � fkrrvhv e�� dqg e�� vr dv wr pd{lpl}h lwv sur�w=

ER�� � ��� � ��
�
(�� n #�

�
eo��
��
� 8�� n ER�� � ��� � ��'�� ETc e���� 8�� � �Ee�� n e���
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Wklv sur�w ixqfwlrq lv frqfdyh lq wkh h�ruw ohyhov> wkh dgrswhg h�ruw ohyho eo�� � eo��ER��c ����

lv wkxv fkdudfwhul}hg e| wkh �uvw rughu frqglwlrq=

��Eeo��� ' ER�� � ��� � ����Eeo���� +48,

Wklv uhdfwlrq ixqfwlrq eo�� uhdoo| ghshqgv rq wkh zkrohvdoh sulfh ���=

Yeo��

Y���

'
��Eeo���

ER�� � ��� � �����Eeo���� ���Eeo�� n eo���
	 f�

Pdqxidfwxuhu � fkrrvhv pdujlqdo zkrohvdoh sulfh E���c ��2� dqg uhwdlo sulfhv ER��c R�2�

vr dv wr pd{lpl}h lwv sur�w=

h�� '
[
�'�c2

�
ER�� � S� ��

�
(�� n #�

�
eo��
��
� #�

�
eo��
�

nER�� � ��� � ��
�
(�� n #�

�
eo��

��
'��

�
Tc eo��

�
� #�

�
eo��

��

Wkh zkrohvdoh sulfh ��� d�hfwv wklv sur�w wkurxjk rqo| lwv lpsdfw rq eo��> ixuwkhupruh/

wklv sur�w lv frqfdyh lq eo�� dqg pd{lpdo iru eo�� vxfk wkdw=

��Eeo��� ' ER�� � S� ����Eeo����

Jlyhq wkh uhwdlohuv* ehkdylru/ dv jlyhq e| E48�/ wkh pdqxidfwxuhu zloo wkxv rswlpdoo|

fkrrvh=

��� ' S�

Wkxv/ lq htxloleulxp doo zkrohvdoh sulfhv duh vhw wr wkh pdujlqdo frvw1 Wdnlqj lqwr
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dffrxqw E48�/ wklv lpsolhv wkdw pdqxidfwxuhu*v yduldeoh sur�w frlqflghv zlwk wkh prqrsro|

sur�w
�h�� ' h��1 Khqfh/ xqghu rxu dvvxpswlrqv rq h�/ wkhuh h{lvwv d xqltxh v|pphwulf

htxloleulxp/ zklfk lv vxfk wkdw �W
�� ' S dqg RW�� ' R� E#� �

G Surri ri Sursrvlwlrq 9

Vhw k ' f�� dqg q ' f��� Iluvw/ li wkhuh h{lvw d v|pphwulf htxloleulxp zlwk grxeoh frpprq

djhqf| +zlwk ��� ' �c8�� ' 8 E��/ wkhq uhwdlo sulfhv dqg txdqwlwlhv duh uhvshfwlyho| jlyhq

e| +zlwk � 'E�c�c�c��,=

RoE�� ' f�SHf2 n f�S�22�c

^oE�� ' (EToE��� ' f�S�22� f��eHb� ' f��eHb E��.Dee� �� �

Wkhuhiruh/ qhfhvvdulo|/ � � ��.Dee1

Zh rqo| vnhwfk wkh surri khuh> d pruh ghwdlohg surri lv dydlodeoh xsrq uhtxhvw1 Iluvw/

lw lv vkrzq wkdw wkh uhohydqw sduwlflsdwlrq frqvwudlqw lv lqghhg elqglqj lq htxloleulxp1

Vhfrqg/ lw lv vkrzq wkdw holplqdwlqj sur�wdeoh ghyldwlrqv uxohv rxw doo ydoxhv � � ��.Dee1

Ghwhuplqdwlrq ri 8 E��

Ohppd < Lq dq| v|pphwulf/ grxeoh frpprq djhqf| htxloleulxp/ ri wkh irup E�c8 E���=

8 E�� ' 2ERoE��� ��^oE��� ERo��E�c >c �c��� ��(o
��E�c >c �c���

Surri1 Zh kdyh douhdg| vkrzq lq ohppd D wkdw wkh rqo| uhohydqw sduwlflsdwlrq frq0
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vwudlqw lv

8 � 2ERoE��� ��^oE��� ERo��E�c >c �c ��� ��(o
��E�c >c �c ��� +49,

Lw wkxv vx!fhv wr vkrz wkdw wkh frqvwudlqw lv lqghhg elqglqj lq htxloleulxp1

Qrwh �uvw/ wkdw li erwk surgxfhuv r�hu E�c8 � vdwlvi|lqj E�S�wr erwk uhwdlohuv/ lw lv

d frqwlqxdwlrq htxloleulxp iru wkh wzr uhwdlohuv wr dffhsw erwk r�huv1 Wklv lv dfwxdoo|

wkh rqo| frqwlqxdwlrq htxloleulxp= fohduo|/ zkhqhyhu rqh uhwdlohu uhixvhv wr fduu| rqh ru

erwk eudqgv/ wkh rwkhu uhwdlohu ehfrphv pruh sur�wdeoh dqg lv wkxv zloolqj wr fduu| erwk

eudqgv udwkhu wkdq qrqh> lq dgglwlrq/ lw fdq eh fkhfnhg wkdw wkh rwkhu uhwdlohu vwloo suhihuv

wr fduu| erwk eudqgv udwkhu wkdq rqo| rqh1

Vlqfh grxeoh frpprq djhqf| lv wkh rqo| frqwlqxdwlrq htxloleulxp iroorzlqj dq| r�hu

ri wkh irup E��� ' �c8�� ' 8 � zlwk 8 vdwlvi|lqj E�S�/ lw lv qrz hdv| wr vkrz wkdw wkhuh

h{lvwv d sur�wdeoh ghyldwlrq iru wkh pdqxidfwxuhuv/ li wkh frqglwlrq E�S� lv qrw elqglqj1 Li

wklv frqvwudlqw lv qrw elqglqj/ lw vx!fhv iru pdqxidfwxuhu �c vd|/ wr lqfuhdvh wkh iudqfklvh

ihhv

8�� ' 8�2 ' 8 E�� n 0c zlwk 0 : f dqg vx!flhqwo| vpdoo1

Wklv ghyldwlrq grhv qrw prgli| wkh frqwlqxdwlrq htxloleulxp dqg vwulfwo| lqfuhdvhv pdq0

xidfwxuhu ��r sur�wv1

Xqghu rxu k|srwkhvlv wkdw k ' f�� dqg q ' f��c wklv frqglwlrq zulwhv dv=

8 E�� ' f���.b E��.Dee� ��2

Li wkhuh h{lvwv d v|pphwulf/ grxeoh frpprq djhqf| htxloleulxp ri wkh irup E�c8 E��� c

67



pdqxidfwxuhuv* sur�wv duh htxdo wr=

Z� dE@c @� c E@c @�o E�� ' Z� dE@c @� c E@c @�o E�� ' 2 E�^oE�� n 8 E���

' 2
�
f��eHb�E��.Dee� �� n f���.bE��.Dee� ��2

�

' f�eS2� E��.Dee� �� Ef�HbD� n ��

Wklv sur�w ehlqj qhfhvvdulo| srvlwlyh/ vxfk dq htxloleulxppd| h{lvw rqo| li� 5 d�f�HbD�c ��.Deeo1

Sur�wdeoh Ghyldwlrqv iru wkh Pdqxidfwxuhuv

Wr vkrz wkdw wkhuh h{lvwv qr v|pphwulf/ grxeoh frpprq djhqf| htxloleulxp/ zh exlog/

iru dq| ydoxh ri � 5 d�f�HbD�c ��.Deeo/ d sur�wdeoh ghyldwlrq iru rqh ri wkh pdqxidfwxuhuv/

vd| ��

Ohppd 43 Wkhuh h{lvwv qr v|pphwulf/ grxeoh frpprq djhqf| htxloleulxp iru � 	 � '

f�2e�D�

Surri1 Wr vkrz wklv/ zh �qg d sur�wdeoh v|pphwulf ghyldwlrq iru pdqxidfwxuhu �

+lw r�huv wkh vdph frqwudfw E�cC� wr erwk uhwdlohuv,/ zklfk grhv qrw prgli| wkh frqwlq0

xdwlrq htxloleulxp +erwk uhwdlohuv fduu| erwk eudqgv,1 Wklv ghyldwlrq pxvw wkxv vdwlvi|

wkh iroorzlqj wkuhh frqvwudlqwv/ hqvxulqj wkdw grxeoh frpprq djhqf| lv d frqwlqxdwlrq

htxloleulxp=

ERo E�c �c �c ��� ��(o E�c �c �c ���Cn ERo E�c �c �c ��� ��(o E�c �c �c ��� 8 E�� � ���
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��� � f +4:,

��� � ERo�� E�c >c �c ��� ��(o
�� E�c >c �c ��� 8 E�� +4;,

��� � ERo�� E�c >c �c ��� ��(o
�� E�c >c �c ���C +4<,

Zh wkhq dvvxph/ wkdw pdqxidfwxuhu � vhwv d iudqfklvh ihh CE�c �� vdwxudwlqj frqglwlrq

E�H�/ wkdw lv=

CE�c �� ' ERo E�c �c �c��� ��(o E�c�c �c �� n ERo E�c �c�c ��� ��(o E�c �c �c ��

� ERo�� E�c >c �c ��� ��(o
�� E�c >c �c ��

Vxssrvh �qdoo| wkdw pdqxidfwxuhu � fkrrvhv wkh zkrohvdoh sulfh �WE�� wkdw pd{lpl}hv

lwv sur�w/ wkdw lv=

�WE�� ' @h}4@ d�(o E�c �c �c�� nCE�c��o �

Zh wkhq fkhfn wkdw wklv vwudwhj| lv sur�wdeoh iru dq| � 	 � ' f�2e�D +qrwlfh wkdw

� lv vxfk wkdw �WE�� ' ��/ dqg wkdw grxeoh frpprq djhqf| lv wkh xqltxh frqwlqxdwlrq

htxloleulxp +vlqfh wkh ghyldwlrq lv v|pphwulf/ li lw lv rswlpdo wr dffhsw erwk r�huv zkhq

wkh frpshwlwru dffhswv erwk/ lw lv d grplqdqw vwudwhj| iru hdfk uhwdlohu wr dffhsw erwk

r�huv,1 Wklv vkrzv wkdw wkhuh h{lvwv qr v|pphwulf/ grxeoh frpprq djhqf| htxloleulxp

iru � 	 f�2e�D�

Ohppd 44 Wkhuh h{lvwv qr v|pphwulf/ grxeoh frpprq djhqf| htxloleulxp iru � : � '

f�Se2��
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Surri1 Ohw xv djdlq frqvlghu d v|pphwulf ghyldwlrq ri wkh irup E�cC�� Zh qrz orrn

iru sur�wdeoh ghyldwlrq iru/ vd|/ pdqxidfwxuhu �c vxfk wkdw pdqxidfwxuhu � lv frpsohwho|

h{foxghg iurp wkh pdunhw/ wkdw lv/ vxfk wkdw wkh frqwlqxdwlrq htxloleulxp lv ri wkh irup

EE@c o�c E@c o���

Wkh ghyldwlrq pxvw wkhuhiruh vdwlvi|=

ERo�� E�c >c �c >�� ��(o
�� E�c >c �c >��C � ���

��� � f +53,

��� � ERo�� E�c >c >c ��� ��(o
�� E�c >c >c ��� 8 E�� +54,

��� � ERo�� E�c�c �c >�� ��(o
�� E�c �c �c >��C

nERo�� E�c �c >c ��� ��(o
�� E�c �c >c ��� 8 E�� +55,

Vxssrvh qrz wkdw pdqxidfwxuhu � fkrrvhv wkh zkrohvdoh sulfh �WE�� dqg wkh iudqfklvh

ihh CW E�� vxfk wkdw frqvwudlqwv E2�� dqg E22� duh elqglqj1

Zh wkhq fkhfn wkdw wklv ghyldwlrq lv sur�wdeoh iru pdqxidfwxuhu� dqg wkdw EE@c o� c E@c o��

lv wkh xqltxh frqwlqxdwlrq htxloleulxp/ wkhuhiruh vkrzlqj wkdw wkhuh h{lvwv qr v|pphwulf/

grxeoh frpprq djhqf| htxloleulxp/ iru � : f�Se2��

Ohppd 45 Wkhuh h{lvwv qr v|pphwulf/ grxeoh frpprq djhqf| htxloleulxp iru � 5

d�c e�o c zkhuh e� ' f�eb.��

Surri1 Wr vkrz wklv/ zh frqvlghu dq dv|pphwulf ghyldwlrq vxfk wkdw wkh frqwlqxdwlrq

htxloleulxp lv ri w|sh EE@c @�c E@c o��/ wkdw lv/ pdqxidfwxuhu � lv sduwldoo| h{foxghg1 Zh

dqdo|}h wkh iroorzlqj ghyldwlrq= ��� ' f�e dqg ��2 ' fc dqg wkh iudqfklvh ihhv +8�� dqg

6:



8�2� duh vxfk wkdw=

Z� dE@c @� c E@c o�o ' 4@ EZ� dEoc o� c E@c o�o c Z� dEoc @� c E@c o�o�

Z2 dE@c @� c E@c o�o ' 4@ EZ2 dE@c @� c Eoc o�o c Z2 dE@c @� c Eoc @�o�

zkhuh doo sur�wv duh hydoxdwhg dw � ' Ef�ec �c fc ���

Zh wkhq fkhfn wkdw EE@c @�c E@c o�� lv wkh xqltxh frqwlqxdwlrq htxloleulxp dqg wkdw wklv

ghyldwlrq lqfuhdvhv pdqxidfwxuhu ��r sur�wv iru dq| � ehwzhhq f�2e�D dqg f�eb.�1

Ohppd 46 Wkhuh h{lvwv qr v|pphwulf/ grxeoh frpprq djhqf| htxloleulxp iru � 5

d e�c�o �

Surri1 Wkh surri lv lghqwlfdo wr wkh surri ri ohppd 45/ exw zh qrz frqvlghu ��� ' f�S

dqg ��2 ' f�

Wklv vkrzv wkdw/ iru k ' f�� dqg q ' f��/ wkhuh h{lvwv qr v|pphwulf/ grxeoh frpprq

djhqf| htxloleulxp1

H Surri ri Sursrvlwlrq :

Zh orrn iru vx!flhqw frqglwlrqv rq �W wr hqvxuh wkdw �W ' E�Wc RWc 8 W�/ zkhuh

RW '
�� kE�� q��W

2E�� k� q�
dqg 8 W ' E�� k�ERW � �W�( ETW� c

lv wkh htxloleulxp zkrohvdoh frqwudfw ri d v|pphwulf/ grxeoh frpprq djhqf| htxloleulxp1

Zh rqo| vnhwfk wkh surri khuh> d pruh ghwdlohg surri lv dydlodeoh xsrq uhtxhvw1
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Iluvw qrwlfh wkdw zh kdyh frqvwudlqhg wkh uhwdlo sulfh RW wr eh kljkhu wkdq wkh pdujlqdo

zkrohvdoh sulfh �W/ wkhuhiruh lpsrvlqj �W � �4@ ' �
23k32q3kq

1 Pruhryhu/ txdqwlwlhv

pxvw eh srvlwlyhv/ wkhuhe| frqvwudlqlqj � wr eh vxfk wkdw=

^W ' ( ETW� � f/ �W � �4�? ' � �3k
kE�3k3q3kq�

�

Wkh lghd ri wklv surri lv qrz wr dqdo|}h dq| srvvleoh ghyldwlrq iru pdqxidfwxuhu �

dqg �qg vx!flhqw frqglwlrqv wr hqvxuh wkdw wkhvh ghyldwlrqv duh qhyhu sur�wdeoh1 Gh0

shqglqj rq wkh frqwudfwv ��� dqg ��2 r�huhg e| �c wkh htxloleulxp pdunhw vwuxfwxuh

+wkdw lv wkh frqwudfwv dffhswhg e| wkh uhwdlohuv, gl�huv1 Zh wkhuhiruh dqdo|}h wkh h�hfw

ri d ghyldwlrq rq pdqxidfwxuhu ��r sur�wv ghshqglqj rq wkh w|sh ri wkh frqwlqxdwlrq

htxloleulxp1 49 gl�huhqw vwuxfwxuhv duh srvvleoh/ exw d v|pphwu| dujxphqw uhgxfhv wklv

qxpehu wr 431 Krzhyhu/ wkuhh ri wkhp fdq hdvlo| eh uhpryhg= lw lv lqghhg qhyhu sur�wdeoh

iru pdqxidfwxuhu � wr lqgxfh d frqwlqxdwlrq htxloleulxp lq zklfk lwv frqwudfwv duh erwk

uhmhfwhg1 Vwuxfwxuhv E>�/ E��� hw E�� � �2� duh wkhuhiruh h{foxghg1 Zh wkhq kdyh :

srvvleoh vwuxfwxuhv wr dqdo|}h1

Vwuxfwxuh f G E�� � �2 � �� � �2�/ doo wkh r�huv duh dffhswhg

+Grxeoh0frpprq djhqf|,

Lq rughu wr rewdlq d frqwlqxdwlrq htxloleulxp zkhuh erwk uhwdlohuv fduu| erwk eudqgv/

pdqxidfwxuhu � kdv wr sursrvh frqwudfwv ��� dqg ��2 vxfk wkdw=

ER�� � ����( ER��c R
Wc R�2c R

W�� 8�� n ERW � �W�( ERWc R��c R
Wc R�2�� 8 W � ���
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��� � f +56,

��� � ERW � �W�( ERWc >c RWc R�2�� 8 W +57,

��� � ER�� � ����( ER��c >c R�2c R
W�� 8�� +58,

dqg

ER�2 � ��2�( ER�2c R
Wc R��c R

W�� 8�2 n ERW � �W�( ERWc R�2c R
Wc R���� 8 W � ���

��� � f +59,

��� � ERW � �W�( ERWc >c RWc R���� 8 W +5:,

��� � ER�2 � ��2�( ER�2c >c R��c R
W�� 8�2 +5;,

Li zh rqo| frqvlghu frqvwudlqwv E2e� dqg E2.�/ wkh pd{lpdo iudqfklvhv � fdq lpsrvh

duh=

8�� ' ER�� � ����( ER��c R
Wc R�2c R

W� n ERW � �W� E( ERWc R��c R
Wc R�2��( ERWc >c RWc R�2�� c

8�2 ' ER�2 � ��2�( ER�2c R
Wc R��c R

W� n ERW � �W� E( ERWc R�2c R
Wc R����( ERWc >c RWc R���� c

dqg lwv pd{lpdo sur�w lv wkhuhiruh=

Z�ER��c R�2� ' R��( ER��c R
Wc R�2c R

W� n ERW � �W� E( ERWc R��c R
Wc R�2��( ERWc >c RWc R�2��

nR�2( ER�2c R
Wc R��c R

W� n ERW � �W� E( ERWc R�2c R
Wc R����( ERWc >c RWc R����

Krzhyhu/ wklv sur�w lv pd{lpl}hg iru R�� ' R�2 ' RW Vxfk d ghyldwlrq fdq qhyhu eh

vwulfwo| sur�wdeoh iru pdqxidfwxuhu ��
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Vwuxfwxuh � G E��� �2����c Frqwudfw �E5 lv uhmhfwhg1

Lq rughu wr hqvxuh wkdw wklv vwuxfwxuh fdq eh rqh ri wkh frqwlqxdwlrq htxloleuld/ frqwudfwv

��� dqg ��2 pxvw vdwlvi| wkh iroorzlqj frqvwudlqwv=

ER�� � ����(ER��c R
Wc R�2c >�� 8�� n ERW � �W�(ERWc R��c >c R�2�� 8 W � ���

��� � f +5<,

��� � ERW � �W�(ERWc >c >c R�2�� 8 W +63,

��� � ER�� � ����(ER��c >c R�2c >�� 8�� +64,

dqg

ER�2 � ��2�(ER�2c >c R��c R
W�� 8�2 � ���

��� � f +65,

��� � ERW � �W�(ERWc >c RWc R���� 8 W +66,

��� � ER�2 � ��2�(ER�2c R
Wc R��c R

W�� 8�2 n ERW � �W�(ERWc R�2c R
Wc R���� 8 W +67,

Zkrohvdoh sulfhv ��� dqg ��2 fdq eh xvhg wr vdwlvi| frqvwudlqwv E��� dqg E�e� � Li
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pdqxidfwxuhu � vhwv wkh pd{lpdo srvvleoh �{hg ihhv/ lwv sur�w lv=

Z7�ER��c R�2� ' R��(ER��c R
Wc R�2c >��4@ dfc ERW � �W� E(ERWc >c >c R�2�� E�� k�^W�o

nR�2(ER�2c >c R��c R
W��4@ dfc ERW � �W� E(ERWc >c RWc R���� E�� k�^W�o

nERW � �W� d(ERWc R��c >c R�2�� E�� k�^Wo

Lw lv qrz vx!flhqw wr frpsduh wkh pd{lpdo ydoxh ri wklv sur�w zlwk ZW� E�
W�c wkdw lv/

frqvlghu wkh vljq ri wkh h{suhvvlrq=

{�E�
W� ' 4@ 

R��cR�2
Z7�ER��c R�2�� ZW� E�

W�

Zh wkhq fkhfn wkdw wkhuh h{lvwv wzr fulwlfdo ydoxhv ��Ekc q� dqg ��Ekc q� vxfk wkdw

�4�? 	 ��Ekc q� 	 ��Ekc q� 	 �4@ 

dqg {�E�
W� � f iru �W 5 d��Ekc q�c ��Ekc q�o � Wklv w|sh ri ghyldwlrq lv wkhuhiruh qhyhu

sur�wdeoh iru �W 5 d��Ekc q�c ��Ekc q�o �

Vwuxfwxuh 2 G E��� �2�/ Frqwudfwv �D4 dqg �E5 duh dffhswhg

D frpsdudeoh dqdo|vlv ohdgv wr frqvlghu wkh vljq ri wkh h{suhvvlrq=

{2E�
W� ' 4@ 

R��DR4@ E�W�
Z72ER���� ZW� E�

W�c

zkhuh

Z72ER��� ' R��(ER��c >c >c R
W�� ERW � �W� d(ERWc >c RWc >�� E�� k�^Wo
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Zh wkhq fkhfn wkdw wkhuh h{lvwv d fulwlfdo ydoxh �2 Ekc q� vxfk wkdw {2E�
W� � fc iru

�W 5
�
�� c �2 Ekc q�

�
� Wklv w|sh ri ghyldwlrq lv qhyhu sur�wdeoh iru �W 5

�
�� c �2 Ekc q�

�
�

Vwuxfwxuh � G E��� �2�c Frqwudfwv �D4 dqg �D5 duh dffhswhg

D frpsdudeoh dqdo|vlv ohdgv wr frqvlghu wkh vljq ri wkh h{suhvvlrq=

{�E�
W� ' 4@ 

R��cR�2
Z7�ER��c R�2�� ZW� E�

W�c

zkhuh

Z7�ER��c R�2� ' R��(ER��c >c R�2c >��4@ dfc ERW � �W� E(ERWc >c >c R�2�� E�� k�^W�o

nR�2(ER�2c >c R��c >��4@ dfc ERW � �W� E(ERWc >c >c R���� E�� k�^W�o �

Zh wkhq fkhfn wkdw wkhuh h{lvwv wzr fulwlfdo ydoxhv ��Ekc q� dqg ��Ekc q� vxfk wkdw

�4�? 	 ��Ekc q� 	 ��Ekc q� 	 �4@ 

dqg {�E�
W� � f iru �W 5 d��Ekc q�c ��Ekc q�o � Wklv w|sh ri ghyldwlrq lv wkhuhiruh qhyhu

sur�wdeoh iru �W 5 d��Ekc q�c ��Ekc q�o �

Rwkhu Vwuxfwxuhv

Grlqj wkh vdph dqdo|vlv iru wkh rwkhu vwuxfwxuhv +wkdw lv/ E��� c E��� ��� dqg E��� ����2��c

zh fkhfn wkdw wkhvh w|shv ri ghyldwlrq duh qhyhu sur�wdeoh iru �W 5
�
�� c �4@ 

�
�
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Frqfoxvlrqv

Ohw xv qrz gh�qh wkh iroorzlqj ydoxhv=

�Ekc q� ' 4@ 
�
�� c �� Ekc q� c �� Ekc q�

�

dqg � Ekc q� ' 4�? d�� Ekc q� c �2 Ekc q� c �� Ekc q�o 	 f 	 f

Zh wkhq yhuli| wkdw/ iru wkh ydoxhv ri wkh sdudphwhuv k dqg q jlyhq e| Iljxuh 4/ zh

kdyh=

�Ekc q� ' �� � �Ekc q�/ REkc q� � R� � REkc q�c

dqg wkh frqwudfw �W ' E�Wc 8 W( RW� lv wkh htxloleulxp frqwudfw ri d v|pphwulf/ grxeoh

frpprq djhqf| htxloleulxp1
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Irrwqrwhv

� Iru dq ryhuylhz ri wkh ohjdo iudphzrunv uhjduglqj yhuwlfdo uhvwudlqwv/ vhh RHFG +4<<7,

ru wkh Hxurshdq Frpplvvlrq*v Juhhq Sdshu rq Yhuwlfdo Uhvwudlqwv +4<<9,1 Frpdqru0Uh|

+4<<9, dovr uhodwhv wkh uhfhqw hyroxwlrq ri wkh dwwlwxghv ri wkh X1V1 frpshwlwlrq dxwkrulwlhv

dqg zlwklq wkh Hxurshdq Frppxqlw|1

2 Wkh dujxphqwv wkdw frxuwv kdyh jlyhq wr mxvwli| whuulwruldo uhvwudlqwv frxog dfwxdoo| riwhq

eh xvhg dv zhoo lq idyru ri USP1

� Vhh Fdedoohur0Vdq} dqg Uh| +4<<9,1

e Wkh lghd lv wkdw/ zkhq vhfuhwo| frqwudfwlqj zlwk rqh uhwdlohu/ wkh pdqxidfwxuhu kdv dq

lqfhqwlyh wr iuhh0ulgh rq wkh rwkhuv dqg hqgv0xs vhoolqj pruh wkdq wkh prqrsro| txdqwlw|1

Wklv lghd/ zklfk lv uhplqlvfhqw ri wkh Frdvldq sulflqj sureohp iru gxudeoh jrrgv � ru ri d

iudqfklvru*v lqfhqwlyh wr vhoo wrr pdq| iudqfklvhv � kdv ixuwkhu ehhq h{soruhg e| PfDihh

dqg Vfkzduw} +4<<7, dqg R*Eulhq dqg Vfkd�hu +4<<5,1 Uh| dqg Wluroh +4<<:, surylghv

dq ryhuylhz ri wklv olwhudwxuh1

D R*Eulhq dqg Vkd�hu xvh d frqfhsw ri �frqwudfw htxloleulxp� zklfk frqfhqwudwhv rq

sdluzlvh ghyldwlrqv> wkhuhiruh/ wkh| gr qrw frqvlghu pxowlodwhudo ghyldwlrqv zklfk fdq

lqghhg eh sur�wdeoh/ wkhuhe| jhqhudwlqj h{lvwhqfh sureohpv iru vwdqgdug Qdvk htxloleuld

lq frqwudfwv � vhh Uh| dqg Yhujì +5335,1

S Iru h{dpsoh/ lq Frqwlqhqwdo W1Y1 yv1 JWH V|oydqld wkh XV Vxsuhph Frxuw phqwlrqhg

wkdw d fohdu glvwlqfwlrq kdg wr eh pdgh ehwzhhq sulfh dqg qrqsulfh uhvwudlqwv/ vlqfh sulfh

uhvwulfwlrqv vhhphg wr olplw lqwhueudqg frpshwlwlrq/ wkxv idflolwdwlqj fduwhool}dwlrq �vhh

766 X1V1 +4<::, dw 881

. Dqrwkhu gl�huhqfh frqfhuqv wkh htxloleulxp frqfhsw1 Wr uh hfw gl�huhqw edujdlqlqj

srzhu/ Grevrq dqg Zdwhuvrq dvvxph wkdw zkrohvdoh sulfhv duh ghwhuplqhg e| vlpxowdqh0

rxv sdluzlvh edujdlqlqj> wklv vxssrvhv wkdw d pdqxidfwxuhu kdv wzr lqghshqghqw glylvlrqv/
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hdfk ri wkhp qhjrwldwlqj zlwk rqh uhwdlohu dqg qrw wdnlqj lqwr dffrxqw wkh lpsdfw ri lwv

rzq qhjrwldwlrq rq wkh rwkhu glylvlrq1

H Wklv dvvxpswlrq vhhpv uhdvrqdeoh exw lv qrw dozd|v pdlqwdlqhg1 Iru h{dpsoh/ Grevrq

dqgZdwhuvrq +4<<:, frqvlghu d olqhdu prgho zkhuh +frqvlghulqj lqyhuvh ghpdqg ixqfwlrqv,

wkh sulfh ri rqh surgxfw ghfuhdvhv zkhq wkh txdqwlw| ri dq| surgxfw lqfuhdvhv> lq wkdw

fdvh/ wkh ghpdqg iru rqh ydulhw| lq rqh vwruh qhfhvvdulo| ghfuhdvhv zkhq wkh sulfh ri wkh

frpshwlqj ydulhw| lqfuhdvhv lq wkh frpshwlqj vwruh
�
0�( 	 f

�
1

b Doo wkrvh dvvxpswlrqv duh vdwlv�hg zkhq ghpdqg lv olqhdu/ dv lq wkh vlpsoh prgho vwxglhg

lq Vhfwlrq 71

�f Wklv zrxog eh wkh fdvh/ iru h{dpsoh/ zkhq uhwdlo sulfhv duh vwudwhjlf frpsohphqw dqg

wkh uhwdlo htxloleulxp lv vwdeoh1

�� Wkh revhuydelolw| dvvxpswlrq lv pdgh iru vlpsolflw|/ wr dyrlg whfkqlfdolwlhv vxfk dv d

wkh gh�qlwlrq ri uhdvrqdeoh frqmhfwxuhv lq wkh hyhqw ri xqh{shfwhg r�huv/ dqg htxloleulxp

h{lvwhqfh sureohpv �vhh Uh| dqg Yhujì +5335,1

�2 Wkh udqjh iru wkh htxloleulxp sulfh RW ghshqgv rq wkh grpdlq ri ydolglw| ri dvvxpswlrqv

4071 Zkhq iru h{dpsoh wkh ghpdqg lv olqhdu/ dq| sulfh iurp S n � xs wr wkh pd{lpdo

sulfh iru zklfk txdqwlwlhv duh f fdq eh vxvwdlqhg1

�� Wkh| pd| eh deoh wr uhgxfh uhwdlohuv* uhqwv e| pdnlqj h{foxvlyh r�huv> zh zloo uxoh rxw

wklv srvvlelolw| lq rughu wr ehwwhu dvvhvv wkh lpsdfw ri uhwdlo pdunhw srzhu1

�e Wkh h{suhvvlrq ri wkh ghpdqg lv ydolg dv orqj dv doo irxu surgxfwv duh h�hfwlyho| vrog1

Zkhq surgxfw E�c �� lv qrw vrog +h1j1/ zkhq wkh deryh ghpdqg zrxog eh qhjdwlyh/ ru zkhq

uhwdlohu � uhixvhv wr fduu| eudqg �,/ wkh ghpdqg iru wkh rwkhu surgxfwv pxvw eh hydoxdwhg

e| uhsodflqj wkh sulfh ri wkdw surgxfw zlwk d yluwxdo sulfh 7R��/ frpsxwhg e| htxdwlqj (��

wr }hur +l1h1/ 7R�� ' � n kR�� n qR�& n BR�&,1

�D Wklv vshfl�fdwlrq pd| dsshdu uhvwulfwlyh vlqfh lw uxohv rxw wkh fdvh ri kljk ghjuhhv ri
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vxevwlwxdelolw| iru erwk eudqgv dqg uhwdlohuv1 Krzhyhu/ li iru h{dpsoh wkh uhwdlohuv duh

forvh vxevwlwxwhv/ lw pd| qrw eh rswlpdo wr kdyh wzr uhwdlohuv vhoolqj wkh wzr surgxfwv1

Vlqfh zh duh lqwhuhvwhg lq wkh vlwxdwlrq lq zklfk erwk uhwdlohuv vhoo erwk eudqgv/ zh kdyh

wr olplw rxu dwwhqwlrq wr fdvhv zkhuh lqwhu0 dqg lqwud0eudqg ghjuhhv ri vxevwlwxwlrq duh

qrw vlpxowdqhrxvo| kljk1

�S E| gh�qlwlrq/

( ERWc >c RWc RW� ' ( ERWc �Rc RWc RW� c

zkhuh �R lv vxfk wkdw ( E�Rc RWc RWc RW� ' f/ wkdw lv/ �R ' � n Ekn q n kq� RW1 Khqfh

( ERWc >c RWc RW� ' �� RW n k�Rn qRW n kqRW

' E� n k�( ERWc RWc RWc RW� �

7:



ppp M ≤≤

β

α

Iljxuh 4= H{lvwhqfh ri d v|pphwulf/ grxeoh frpprq djhqf| htxloleuld

7;



Uhihuhqfhv

^4` Ehuqkhlp/ Grxjodv dqg Plfkdho G1 Zklqvwrq +4<;8,/ �Frpprq Djhqf| dv d Ghylfh

iru Idflolwdwlqj Frooxvlrq�/ Udqg Mrxuqdo ri Hfrqrplfv 49+5,/ 59<05;41

^5` Fdedoohur0Vdq}/ Iudqfhvfr dqg Sdwulfn Uh| +4<<9,/ �Wkh Srolf| Lpsolfdwlrqv ri wkh

Hfrqrplf Dqdo|vlv ri Yhuwlfdo Uhvwudlqwv�/ Hfrqrplf Sdshuv q� 44</ Hxurshdq Frp0

plvvlrq1

^6` Frpdqru/ Zlooldp V1 dqg Sdwulfn Uh| +4<<:,/ �Frpshwlwlrq Srolf| wrzdugv Yhuwlfdo

Uhvwudlqwv lq wkh XV dqg Hxursh�/ Hpslulfd 57+405,/ 6:0851

^7` Grevrq/ Sdxo dqg Plfkdho Zdwhuvrq +4<<:,/ �Wkh Frpshwlwlrq H�hfwv ri Uhvdoh

Sulfh Pdlqwhqdqfh�/ plphr1

^8` Hxurshdq Frpplvvlrq +4<<9,/ Juhhq Sdshu rq Yhuwlfdo Uhvwudlqwv1

^9` Kduw/ Rolyhu dqg Mhdq Wluroh +4<<3,/ �Yhuwlfdo Lqwhjudwlrq dqg Pdunhw Iruhforvxuh�/

Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw|= Plfurhfrqrplfv/ 53805:91

^:` Mxoolhq/ Euxqr dqg Sdwulfn Uh| +5333,/ �Uhvdoh Sulfh Pdlqwhqdqfh dqg Frooxvlrq�/

plphr1

^;` PfDihh/ U1 Suhvwrq dqg Pdulxv Vfkzduw} +4<<7,/ �Rssruwxqlvp lq Pxowlodwhudo Yhu0

wlfdo Frqwudfwlqj= Qrqglvfulplqdwlrq/ H{foxvlylw| dqg Xqliruplw|�/ Dphulfdq Hfr0

qrplf Uhylhz ;7+4,/ 54305631

^<` R*Eulhq/ Gdqlho S1 dqg Juhj Vkd�hu +4<<5,/ �Yhuwlfdo Frqwuro zlwk Elodwhudo Frq0

wudfwv�/ Udqg Mrxuqdo ri Hfrqrplfv 56+6,/ 5<<063;1

^43` RHFG +4<<7,/ Frpshwlwlrq Srolf| dqg Yhuwlfdo Uhvwudlqwv=Iudqfklvlqj Djuhhphqwv/

Sdulv1

7<



^44` Uh|/ Sdwulfn dqg Mhdq Wluroh +4<<:,/ �D Sulphu rq Iruhforvxuh�/ iruwkfrplqj lq

Kdqgerrn ri Lqgxvwuldo Rujdql}dwlrq/ Yro LLL/ Qruwk0Kroodqg11

^45` Uh|/ Sdwulfn dqg Wkledxg Yhujì +5335,/ �Yhuwlfdo Frqwudfwv zlwk Elodwhudo Qhjrwld0

wlrqv�/ plphr1
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